1. DIFFERENTIATION b

@ Let us Study J

e Derivatives of Composite functions. e  Geometrical meaning of Derivative.
e Derivatives of Inverse functions e Logarithmic Differentiation
e Derivatives of Implicit functions. e Derivatives of Parametric functions.

e Higher order Derivatives.

|
e The derivative of f (x) with respect to x, at x =a is given by f'(a) = %irrol

Let us Recall J

[f(a+h)—f(a)}
h

e The derivative can also be defined for f (x) at any point x on the open interval as

f'(x)= £ir%[f(X+hz—f(X)} If the function is given as y = f (x) then its derivative is written as
dy _
i S (x)-
e For a differentiable function y = f (X) if 6x is a small increment in x and the corresponding increment
. . (dy) dy
lim| = |=—
iny is 8y then ‘5"13(8)6) I

e Derivatives of some standard functions.

d , d :
y="f(x) Y y="f(x) Yo )
dx dx
¢ (Constant) 0 Sec X sec X tan x
X" nx"t
COSeC X — COSEC X cot X
1 1
X X2 cot X — Cosec? X
1 n ex ex
Xn Xn+1
ar a*log a
1
— 1
Vx 2\x log x X
sin x COoS X
COS X —sin x log . X 1
tan x sec? X : x log a
Table 1.1.1

/
. O@O .
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Rules of Differentiation :

If u and v are differentiable functions of X such that

() y=uzv then dy_du, dv (i)  y=uv then @:u@Jr du
dx dx dx dx dx dx
. Jdu_ dv
(i) y:—wherev;éOthenﬂ: dx dx
v dx v
Introduction :

The history of mathematics presents the development of calculus as being accredited to Sir Isaac
Newton (1642-1727) an English physicist and mathematician and Gottfried Wilhelm Leibnitz (1646-
1716) a German physicist and mathematician. The Derivative is one of the fundamental ideas of calculus.
It's all about rate of change in a function. We try to find interpretations of these changes in a mathematical
way. The symbol & will be used to represent the change, for example 6x represents a small change in the
variable x and it is read as "change in x" or "increment in x". 8y is the corresponding change iny if y is
a function of x.

We have already studied the basic concept, derivatives of standard functions and rules of
differentiation in previous standard. This year, in this chapter we are going to study the geometrical
meaning of derivative, derivatives of Composite, Inverse, Logarithmic, Implicit and Parametric functions

and also higher order derivatives. We also add some more rules of differentiation.

E% Let us Learn

1.1.1 Derivatives of Composite Functions (Function of another function) :

So far we have studied the derivatives of simple functions like sin x, log x, e* etc. But how about
the derivatives of sin /x , log (sin (x> + 5)) or e W x etc ? These are known as composite functions. In

this section let us study how to differentiate composite functions.

1.1.2 Theorem : Ify =f (u) is a differentiable function of u and u = g (x) is a differentiable function of

x such that the composite functiony = f [g (X)] is a differentiable function of X then @ = dy % du,
dx du dx

Proof : Given that y = f (u) and u = g (x). We assume that u is not a constant function. Let there be a
small increment in the value of x say dx then du and dy are the corresponding increments in u and
y respectively.

As 8, ou, oy are small increments in x, u and y respectively such that 6x = 0, du = 0 and 8y # 0.

oy Oy Odu
We have — = —x—,
¢ have ox Ou Ox

Taking the limit as 6x — 0 on both sides we get,

. SO0 .
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lim(s—yj = lim(S—yJ X lim(s—u]
Sx—0 8x Sx—0 Su Sx—0 Sx

As dx — 0, we get, 5u — 0 (*. u is a continuous function of x)

lim(a—yj = lim(s—yj X lim(s—uj ..... ()]
ax—0\ Ox du—0\ Jyy ax—0{ Jx

Since y is a differentiable function of u and u is a differentiable function of X.

we have,

. (oy) dy . (du) du

lim| = |= = lim| — |=—

Sl}g(ﬁuj du and Bi—rg(ﬁxj dc (n
From (1) and (11), we get

lim 2= P (1)
&0\ dx ) du dx

The R.H.S. of (IIT) exists and is finite, implies L.H.S.of (III) also exists and is finite

lim[s—yj = d—y Then equation (I11) becomes,

ax—0{ Ox dx

dy _dy du

dx du dx
Note:

1. The derivative of a composite function can also be expressed as follows. y = f (u) is a differentiable
function of u and u = g (x) is a differentiable function of x such that the composite function

y=f[g(x)] is defined then
L el g )
x

2. Ify=f(v)is adifferentiable function of v and v =g (u) is a differentiable function of u and u=h (x)

is a differentiable function of x then
dy dy dv du
T

3. Ifyis a differentiable function of u,, U, is a differentiable function of u,,, fori=1,2,..,n-1andu_
is a differentiable function of X, then
b _dy aw du, - du, du,

n

dx_du1 du, du, =~ du dx

n

This rule is also known as Chain rule.
/,
. O@O .
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1.1.3 Derivatives of some standard Composite Functions :

dy dy
y dx y dx
LFOal n[f (ﬁ)} ) cot [ f (¥)] — cosec? [ f (x)]- f'(x)
Vi) & cosec [ f (x)] | —cosec [f(x)]-cot[f(X)]-f'(X)
2\/ ff()z)) af® af®.loga-f'(x)
1 n-f'(x
[f (o’ T 2 e’ £
sin [f ()] cos [ f (¥)]- f'(X) ')
log [ f ()] f
cos [ f(X)] —sin [f(¥)] f'(X) (x)
tan [ f (X)] sec’ [ f (X)]- f'(X) | f f'(x)
sec [1(9] | sec[100]-tan[f(]-19 | | 9170 F6) loga
Table 1.1.2
@) SOLVED EXAMPLES |
Ex. 1 :Differentiate the following w. r. t. X.
M y=NxX+5 (i) y=sin (log x) iy y=euw
3
(iv) log (x*+4) (v) H3cosx—2 (vi) =
(2x2 =7y
Solution : (i) y= \X*+5
Method 1 : Method 2 :

Let u = x2 + 5 then y =+/U, where y is
a differentiable function of u and u is a
differentiable function of x then

dy dy e (1)
dx du dx
Now, y =+ U
Differentiate w. r. t. U
dy d Ja 1
—=— = andu=x>+5
du du( ) 2Ju
Differentiatew r.t.x
du_ (x2 +5)=2x
dx
Now, equatlon (1) becomes,
ﬂ _ 1 U
dx  2u x> +5
4
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We havey = \ X?+5

Differentiate w. r. t. X
dy d (\/x +5)

dx  dx
[Treat x> + 5 as u in mind and use the formula
of derivative of \/_ ]

dy 1 x +5)
dx 2,/ 2 +5 dx
dy 1
——(2x)
dx 2Vx* +5
Q B X
dx x> +5
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(i) y=sin (log x)
Method 1 :

Let u =
a differentiable function of u and u is a
differentiable function of x then

dy dy du
dx du dx

log x then y = sin u, where y is

Now, y=sinu

Differentiate w. r. t. u

dy d .

——=—/(smnu)=cos uand u = log x

du du ( ) g

Differentiatew r.t.x

du 1

—=—(ogx) =—

dx dx ( 0gx) = X

Now, equation (I) becomes,

dy _ COS 1 X 1 _ cos(logx)

dx X X

Note : Hence onwards let's use Method 2.
(iii) y = e tanx

Differentiate w. r. t. X

a’

[ tan X]

dx dx

Y _ ™™ x i(tan x)

dx dx

b _ ™ .sec’ x =sec? x-e™*

dx

(V)
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Let y= G53cosx—2
Differentiate w. r. t. X

d_y:i 53COSX*2
=]

d_y_ 53coesx=2. log 5 xi(3 COS X —2)
dx_ g dx

d

& o 3sinx - 52,

log 5
dx g

Method 2 :

(iv)

(vi)

We have y =sin (log x)

Differentiate w. r. t. X
Y j [sin (log x)]

X
[Treat log x as u in mind and use the formula

of derivative of sin u]

dy d
— =cos(logx)x —(log x
iy (logx) dx( gx)

& = cos(logx)- 1
dx X

dy _ cos(logx)
dx X
Lety=log (x°+ 4)
Differentiate w. r. t. X
@ _d [Iog 06+ 4)]
dx
Q = 1 ><—(x +4)
dx xX*+4 dx
4
Do 1 (5= X
dx x’ +4 x’ +4
3

Lety=

(2 -T)

Differentiate w. r. t. X

dy _d 3 _,d 1
de del x> =7) ) T dxl(2x’=7)°

:3x%x—(2x2—7)
(2x~=7)" dx
15
e
& ___0x
dx  (2x°=7)°
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Ex. 2 :Differentiate the following w. r. t. X.

() y= ysinx (i) y=cot? (x3) (iii)  y=1log [cos (x°)]
(iv) y=(0e+2x-3)*(x+cosx)? (v)  y=(1+cos?x)*x X+ +tanx
Solution :
(i) y= /sinx (if) y=cot® (x°)
Differentiate w. r. t. X Differentiate w. r. t. X
dy d
dy d(— Y _d (o)
azg( smx3) dx dx(co <)
d
b i(sin x’) = E[COt )
2+/sin x3 dx

3 d 3
X COS X xi(x) =2 cot (X)E[Cm (X )]

2\/ sin x°

=2 cot (x®)[~ cosec? (x*)] % ()

x cos x> x (3x7)

2+/sin x3 = — 2 cot (x*)cosec? (x%)(3x?)
dy 3x*cosx’ dy 6x cot (x7) 2 ()
ay _ 2t LY s == =—6x2cot (x¥)cosec? (x
dx  2+sinx’® dx

(i) y = log [cos (x°)]
Differentiate w. r. t. X
dy d :
Y _ 4 (109 [eos ()

1
:cos( )E[COS )]

1 s d s
_ —5)(_ sin(x ))E(x )

cos(x

dy

i tan (x°) (5x*) = — 5x*tan (x°)
X

(iv) y=(x*+2x—3)*(x + cos x) 3

Differentiate w. r. t. X

dy d (x +2x— 3) (x+cosx)3i|

dx dx

d d
_ (3 -\ Ve 3 3.7 (y3 _ Q)4
=(x®+2x-73) 0 (x + cos x) *+ (x + cos X) 0 (x®+2x - 3)

. SO .
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d d
=(x*+2x-3)*3 (x+cosx)2-d—(x+cosx) + (x + cos x) 4(x3+2x—3)3-5(x3+2x—3)
X
=(+2x-3)*-3 (x+cosx)? (1 —sinx)+ (x + cos x)? - 4(x* + 2x — 3)*(3x* + 2)
j—y:B(x3+2x—3)4 (x+cosX)? (L—sinx) + 4 (3 + 2) (€ + 2% — 3)° (x + cos X’
X

(v) y=(1+cos2x)*x | x++ftanx

Differentiate w. r. t. X

ﬂ = dili(lﬁ-cosz x)4 xvx+»\/tanx}
X

dx
= (1+cos’ x)4di(\/x+\/tanx)+(\/x+\/‘[anx)di(l+cos2 x)*
x X

=(l+cos’x)* -;-i(x+\/tanx)+(\/x+\/tanx)-4(1+cos2 x)3i[1+(cosx)2]
23x++Jtanx dx dx

=(1+cos*x)*- ! (1 1 4 (tan x)j + (\/x ++/tanx ) -4(1+ cos” x)’(2cos x)
2\/x+»\/tanx 2Jtanx dx
d
—(cosx
dx( )
1 sec” x 2 3 .
=(1+cos*x)*- (1+ J+( x+\/tanx)-4(l+cos x)’ (2cosx)(—sin x)
2\ x++/tan x 24/tan x
/ 2
= (1+ cos® x)* - ! (2 tan x + sec xj—(\/wm/tanx)-4(1+cos2 x)*(2sin x cos x)
24x +Jtan x 2Jtan x

2 4 2
dy _ (1+cos” x)"(2vtanx +sec” x) ~ 4sin2x(1 + cos’ x)3m
dx 4+/tan x+/x +~/tan x

Ex. 3 : Differentiate the following w. r. t. X.

(i)  y=log, (log, x) (i)  y=loge

. + 2 + 2
(iii) (iv) y=log TINY T4
V x2 + a2 —X

(V) y :(4)10g2(sinx) + (9)10g3(cosx) (Vl) y= aalogatcolX)
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Solution :

(i) y =log, (log, x)
= log, (IngJ =log, (log x) — log, (log 5)

log(log x)
=" log3 log, (log 5)
Differentiate w. r. t. X
dy d | log(log x)
dx  dx log3

—log,(log 5)}

:Li[log(logx)]—dinogxlog )]
X

log3 dx
1 1 d _
- 10g3 log x E(logx) 0 [Note that log,(log 5) is constant]
1 1 1
= X X —
log3 logx x
dy _ 1
dx xlogxlog3
2 2
- . (Bx—4)° e - (3x—4)°
/2 (2x+5)°

2 1
= log[e” -(3x—4)} } — log[(2x +5)3 }
2 1
=loge™ +log(3x —4)3 —log(2x +5)3
2 1
y =3x+§log(3x—4)—§log(2x+5) [ loge=1]

Differentiate w. r. t. X
dy _d

2
3x+—log(3x—4 ——lo 2x+5
o dx{ 3 g( ) g( )}

d 2 d 1 d
= 35(]&') +§ E[log(3x—4)] —§°£[log(2x+ 5)]

1 1 1
R e P e
1 1
043 5 O s
dy 5. 2 2

dr " 3x—4 3(2x+5)
o S
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3x
1—cos| —

2
————< | =log
3x
1+cos| —

2

y =log

@)  y=log

(iv) 1 x+vx*+a’ log X2+a2+xxx/x2+a2+x
Iv) y=logl //m——| =
Nxt+at—x x*+a’ —-x Nx*+a® +x

Wx*+a® +x)
2

=log
| x*+a’—x

- -
Wx*+a® +x)
aZ

=log

= log(\/x2 +a’ +x)2 —log(a®)
y= 210g(\/x2 +a’ +x)—log(a2)

Differentiate w. r. t. X
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Q d |:2log(\/x2 +a’ +x)—10g(azi|

dx dx

2; I:log(\/x2 +a’ +x):|—i[log(a2)]

:2><— —\/x +a +)£|
VX' +a® +x dx

2 1

= -_ ~i(x2+a2)+l}
VxP+a® +x | 2Vx* +4d° dx

2 1
= . (2x)+1
NxP+at +x | 2Vxt +a’
2 . x+Vx*+a’
Vxl+a® +x | Jx'+a’

d_y B 2
dx  \x*+a’
(V) y _ (4)]0g2(sinx) + (9)log3(cosx) (Vl) y _ aalogu(cotx)
_ (22)10gz(SiHX) " (32) logs (cosx) y=a cot x [ alogaf®) = f (X)]
:(2)210g2 (sinx) +(3)210g3(c05x) Differentiate w. r. t. X
.2 2 dy d cot x
:( 2)log2 (sin” x) _'_(3)log3 (cos” x) [ alog af() — f (X)] dx E( )
— i d
y=1
— X _ 2
Differentiate w. r. t. X =a*“*log a (~ cosec” x)
dy D _  cosec x- a o log a
;:;(” 0 dx

Ex.4 : IffX)=V79()—-3,9(3)=4andg (3)=5,findf'(3).

Solution : Giventhat: f(x) = \/ 79(x)—3
Differentiate w. r. t. X

f(x)——(/7g(x) ) 2W_[ g( ) 3]

C o 18'(X)
AR 2/7g(x)-3
For x = 3, we get
7¢'(3) 35

1 — _ _l H — ' —
f(3)—2\/7g(3)_3 “26)” 2 [Since g (3)=4and g' (3) =5]

. .
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Ex. 5 If F(x) =G {3G [5G(x)]}, G(0) =0 and G' (0) = 3, find F' (0).
Solution : Given that: F (x) = G {3G [5G(x)]}
Differentiate w. r. t. X
F ()= <6 {36 [56(01}
= &' {36 [56(I}3-- [6 156]
- 6'{36 [56(IT}3-6' [56(9] 5[]
F' (x) = 15-G' {3G [5G(X)]}G' [5G(X)] G' (X)
For x =0, we get
F'(0)=15-G' {3G [5G(0)]}G' [5G(0)] G' (0)
=15-G' [3G (0)]G' (0)-(3) [ G(0)=0and G' (0) =3]
=15-G' (0)(3)(3) = 15-(3)(3)(3) = 405
Ex. 6 Select the appropriate hint from the hint basket and fill in the blank spaces in the following
paragraph. [Activity]
"Let f (X) =sin x and g (x) = log x then f [g)]=_ and
g[fx)]1=__ .Nowf'(x)=_ and g(x)=_
The derivative of f [g(x)] w. r. t. X in terms of fandgis
d
Therefore [ flol] = and {%[ f[g(x)]]l_lz ____________ .
The derivative of g [ f (X)] w. r. t. x in terms of fandgis
Therefore % lorfeo1l=__ and {% oL/ (X)]]l_“ -
Hint basket : {f' [a(¥)]-g' (X), M, 1,9 [f(X)]f'(x),cotx, \/_3
X
sin (log x), log (sin x), cos X, i}
X
Solution : sin (log x), log (sin %), cos x, = £ [g09]-g" (9, 19X 1 4 £ (1" (4), cot x, V3.
X
[EXERCISE 1.lj

(1) Differentiate w. r. t. X.

ONCS

—ox—1)" (i) (2x§_3x§_5)2 W) &

(i) x*+4x-7 (IV) Vx? +x? +1 (vi) (\/3)6—__ 1 jS
3
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(2) Differentiate the following w.r.t. x

(i) Ve P45
(iv) ytan+/x

(i) cos(x*+a?)

o)

(iii)

(v) cotflog ()]  (vi) 5in*x+3

(vii) cosec (cosx)  (viii) log [cos (x*~5)]
(ix) e3sin®x—2cos’x (x) cos?[log (x2+7)]
(xi) tan[cos (sinx)] (xii) sec[tan (x*+ 4)]

(xiii) €9 [0os? 100221 (xiv)sin fsin vX
(xv) log [sec (exz)] (xvi)log.:(log x)
(xvii) [ log [log(log x)]]°
(xviii) sin?x? — cos? x?

(3) Differentiate the following W.r.t. x
(i) (+ax+1)°+ (@ -5x-2)"
(i) (1+4x)°(3B+x—x)°

(iii) ﬁ (iv) ﬁ

(v) (1 +sin?x)*(1 + cos?x)°

(vi) VEos X +Veos vX

(vii) log (sec 3x+ tan 3x) (viii) 1+sinx

1—-sinx’

. log x cotx
IX) cot -lo
) ( 2 J g( 2 )
e —e™ el
(X) 2x —2x (XI) \/;
e +e e’ —1

(xii) log [tan3x-sin4 X- (X2 + 7)7]

(xiii) log

l—cos3xJ

(XiV) log

‘ QO
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(4)

(%)

(6)

(7)

(XV) log
(xvi) log 42’{ X 45 jzl
2x° —4
(xvii)log —]
V7 —6x

(XiX) Y = (25)'09s (e ) — (16)'09, (tan )

(xx) M
x*+5

Atable of values of f, g, f*and @' is given

X | FO) ] g | &) | g
2 1 6 | 3 4
4 3 4 5 | -6
6 5 2 | 4| 7

@ Hrx)=f[gX)]find r' (2).

(i) I R(X)=g[3+f(x)]findR'(4).
(ii)) Ifs(x)=f[9—f(x)] find s' (4).
(iv) 1fS(x)=g[g(x)]findS'(6).

Assumethatf'(3)=—-1,9'(2)=5,9(2)=3
dy

and y = f [g(x)] then [—} =?

dx | _,
Ifh(x) =4/ (x)+3g(x), f(1)=4,9(1) =3,
f'(1)=3,9'(1)=4find h' (2).
Find the x co-ordinates of all the points on
the curve y =sin 2x — 2 sin X, 0 < x < 2n

where Q =0.
dx
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(8) Select the appropriate hint from the hint basket and fill up the blank spaces in the following
paragraph. [Activity]

"Letf (x) =x2+5and g (x) =e* + 3 then Therefore di[ flooll= and
ol e [i[f[g(x;]c]} - -
oLf (= _______ - e e

The derivative of g [ f (X)] w. r. t. x in terms of
Nowf'(xX)=__ and .

fandgis
gM)=________

d
The derivative of f [g (X)] w. r. t. xin terms | | herefore I [o0fe01]=

““““ | and {%[g[f(x)]]} -

x=—1

Hint basket : { f' [g()]-g' (x), 26+ 6¢*, 8, g' [ f (x)]- f' (X), 2xe***5, — 2€, 2+ 6e*+ 14, "5+ 3, 2x, ' }

of fand g is

1.2.1 Geometrical meaning of Derivative :

Consider a point P on the curve f (x). At x = a, the Y

»
>

coordinates of P are (a, f (a)). Let Q be another point on the
curve, a little to the right of P i.e. to the right of x = a, with

a value increased by a small real number h. Therefore the
coordinates of Q are ((a + h), f (a + h)). Now we can calculate :
the slope of the secant line PQ i.e. slope of the secant line P (af (@)
connecting the points P (a, f (a)) and Q ((a + h), f (a + h)), by :
using formula for slope.

o Sah—f@ B N S S

, Q(a+h,f(ath)

Slope of secant P : a-h a ath
at+th—a v
_fla+h)-f(a) Fig. 1.2.1
h

Suppose we make h smaller and smaller then a + h will approach a as h gets closer to zero, Q will
approach P, that is as h — 0, the secant coverges to the tangent at P.

lim (slope of secant PQ) = lim {f(a th) _f(a)} =f'(a)
- h—0 h

So we get, Slope of tangentatP=f'(a) .. [ If limit exists]

Thus the derivative of a function y = f (x) at any point P (x,, y,) is the slope of the tangent at that

point on the curve. If we consider the point a — h to the left of a, h > 0, then with R = ((a — h), f (a — h))

we will find the slope of PR which will also converge to the slope of tangent at P.

For Example : If y = x? + 3x + 2 then slope of the tangent at (2,3) is given by

d d
Slope m = {—y} = {— (x* +3x+ 2)} =(2x+3),,=2(2) +3) m=7
(2,3) (2,3)

dx x
/
o sOe S
N
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1.2.2 Derivatives of Inverse Functions :

We know that if y = f (x) is a one-one and onto function then x = f ! (y) exists. If f 1 (y) is
differentiable then we can find its derivative. In this section let us discuss the derivatives of some inverse
functions and the derivatives of inverse trigonometric functions.

X+2
Example 1 : Consider f (X) = 2x — 2 then its inverse is f 7! (X) = — Letg(x)=f ' (X).
1

d d
If we find the derivatives of these functions we see that — [ f(x)]=2 and — [g )] = >

These derivatives are reciprocals of one another.

Example 2 : Considery=f(x)=x*. Letg=f .

'-g(y)=X=W
g (y)=———=4alsof"(x)=2x
ZV_
Now~[g (£ =200~ 2% 1 and g [ 09T =x - [ (1()] =~ (9 -1
dx Wi e T T
At a point (x, x?) on the curve, f' (X) =2xand g' (y) = 2}/_ le %

1.2.3 Theorem : Supposey=f(x) is a differentiable function ofx onaninterval I andy is One-one, onto and

d—y;éOOnI Also if f~!(y) is differentiabl f(I)theni[f*‘( ) = ! ord—x— ! where ﬂ;&o
I . y) 1s differentiable on dy y —m dy_? x

Proof : Given thaty =f (x) and x =f ! (y) are differentiable functions.
Let there be a small increment in the value of x say ox then correspondingly there will be an
increment in the value of y say dy. As 6x and dy are increments, ox = 0 and oy = 0.

We h OX 8y
e have,
8y oX
oX 1 )

=——, Where el #0
r OX
dx

3y

Taking the limit as 6x — 0, we get,

. [ ox . 1
Iim| — [=lim =
dx—0 8y dx—0 8%

as ox — 0,0y —» 0,

g}lﬁo(gﬂ W ..... ()

dx—0\ d&x

Since y =f (x) is a differentiable function of X.
o S
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we have, 11m(8yj & and ﬂ 0 ... ()]

a0\ 8x ) dx dx
From (1) and (11), we get
ox L (1
lim| — =—
-0\ 3y d%
: OX
AS ﬂ # 0, L exists and is finite. .. ;IslyTo (—) = % exists and is finite.
dx 2 dy/) dy
Hence, from (111) % = iwhere ﬂ =0
dy < dx

dx
An alternative proof using derivatives of composite functions rule.

We know that ' [f(X)] = x [Identity function]
Taking derivative on bothe sides we get,

d [ 0 ool] - d
gL =g 0
te. (F) [0 [f(9] =1
i.e. (f*l)'[f(x)]f'(x) 1
(1) [f = f“ .....

So, if y =1 (x) is a differentiable function of x and x = f ' ('y) exists and is differentiable then

(f)ﬁw](f)W%—4Mfm_&

(I) becomes
% _ L where d_y #0
dy £ dx

dx

@) SOLVED EXAMPLES ]

Ex.1: Find the derivative of the function y = f (xX) using the derivative of the inverse function
x = f1(y) in the following

(i) y=3x+4 (i) y:1/1+\/; @iii) y=Inx
Solution :
(i) y=3x+4

We first find the inverse of the function y = f (X), i.e. x in term of y.
Y=x+4 . x=y—-4 . . x=f"1(y)=y*-4

dy 1 1 1

g Gbi-e)

= forx=—4

3(3 x+4)2 3%/(x+4)2
o @} o
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(i) y=11x

We first find the inverse of the function y = f (X), i.e. X in term of y.
yr=1+Xie VX=y2=1, = x=f7(y)=(y*~1)
g _ L _ 1 _ 1
dx 5 Sl0P-0] 207 -DEe -
1 1

207 -h@n) 4\/1+\/§[(\/1+\/§)2 —1}

) 1 o
RN TN TN I N

(i) y =log x
We first find the inverse of the function y = f (x), i.e. x in term of y.
y=logx .. x=f"1(y)=eY
dy 11 1 1 1

Gy A& T d, N ay alx y°
dx W 5(@‘) e e X

Ex.2: Find the derivative of the inverse of | Ex.3: Letfand g be the inverse functions of
function y = 2x® — 6x and calculate its each other. The following table lists a
value at x = —2. few values of f,gand f*

Solution :  Given :y = 2x3— 6X X f(x) [ gx) | f'(x)

Diff. w. r. t. X we get, 1
Y e 6-6 (1) MR
dx
we have % _ L - - = !
"dy % find g' (—4).
dx 1 Solution : In order to find ¢' (—4), we should first
d_y - 6 (x2— 1) find an expression for g' (x) for any input
atx=—2, x. Since f and g are inverses we can use
we get, y = 2(—2)° — 6(—2) the following identify which holds for
——16+12=—14 any two diffetentiable inverse functions.
dx 1 g (X = ! ... [check, how?]
{d—y}“ "] '[9 (it [g0)
s .. [Hint : f [g(x)] = x]
1 , 1
() © Oy
= 1 1
18 = f'(_l)_ N
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Ex.4: Letf(x)=x5+2x—3.Find () (-3).
Solution :  Given: f(x)=x*+2x—3
Diff. w. r. t. X we get,

f'(x) =5x4+ 2
Note that f (X) = —3 corresponds to x= 0.
- 1
() )=
(0)
11
T 50)+2 2

1.2.4 Derivatives of Standard Inverse trigononmetric Functions :

We observe that inverse trigonometric functions are multi-valued functions and because of this,
their derivatives depend on which branch of the function we are dealing with. We are not restricted to
use these branches all the time. While solving the problems it is customary to select the branch of the
inverse trigonometric function which is applicable to the kind of problem we are solving. We have to
pay more attention towards the domain and range.

. T T dy 1
1. Ify=sin'x,—1<x<1,——<y<—thenprove that —= , X < 1.
y 2 y= 2 P dx 1 -x a
. . T T
Proof : Given thaty =sin’! x,—lSXSI,—ESySE
X=siny ()
Differentiate w. I. t. y
dx
—=—(sin
ay dy( y)
j—:cosy +Vcos?y =+ V1 —sin?y
y
dx .
—=+N1-x? oo [esiny =x]
dy
But cos y is positive since y lies in 1% or 4" quadrant as — g <y< g
%:\/l—x2
dy
Wehaved—y=%
dx 2
Ly
d 1
Y_ ° <1
dx 1 —x? g .
2. Ify=cos*1x,—15x§1,0§y§nthenprovethat—y=— .
dx V1 —x?

[As home work for students to prove.]
/
o SO 5
AN
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3.

d
Ify=cot'x,x e R,O<y<nthen—y

dx

1
1+x

Proof: Giventhaty=cot'x,xeR,0<y<mn

4.

d
5 Ify=sec'x suchthat|x|>1and0<y<m,y+# g then

Proof: Giventhaty=sec' x, x| >1and0<y<m,y ;ég

()

oo [eoty=X]

dy

X =coty
Differentiate W. I. t. y
% = i(cot y)
dy dy
x__ cosec?y =— (1 + cot’y)
dy
% =—(1+x%)
dy
We have ﬂ = di
dx d—;
dy 1
dx —(1+x)

X=Secy

()

Differentiate w. I. t. y

dx d
—=—(secy)
dy dy

dx
—=secy-tany
dy

? =+secy -ytan?y
y
=+secy -ysecly— 1

X exVeT

dy

dy

T T
Ify=tan'x,x e R,——<y<—then
2 2 dx

o

1
= [left as home work for students to prove.]

1+x2

In 2" quadrant both sec y and tan y are negative.

! if x>1
dx xix2—1
d 1 .
—y:— if x<-1
dx X\ x2—1
AY
\_/n-
2
X' < - 5 > X
_x
2
vY'
y=seclx
Fig. 1.2.2
X] '8

We use the sign + because for y in 1st and 2nd quadrant. secy - tany > 0.
Hence we choose x v x2—1ifx>1and —x x2—1ifx<—1
In 1%t quadrant both sec y and tan y are positive.

secy - tany is positive in both first and second quadrant.
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Also, forx >0, xyx*—1>0
and forx<0,—xVx*—1>0

%zx =1, whenx>0, [x|>1 ie.x>1
dy

=—xx—1, whenx<0,|x]>1 iex<-1
dy 1 .

- - ifx>1

dx xvx2—-1

d

@y__ 1 ifx<—1

dx XV x2—1

Note 1 : A function is increasing if its derivative is positive and is decreasing if its derivative is
negative.

Note 2 : The derivative of sec™! x is always positive because the graph of sec™! x is always increasing.

d
6. Ify=—cosecx,suchthat|X|21and—ESySE,yiomen - L if x>1
2 2 dx  xyx2-1
d
Y1 i x<-1
dx xyx?—-1

[ Left as home work for students to prove ]

Note 3 : The derivative of cosec™! x is always negative because the graph of cosec ! x is always
decreasing.

1.2.5 Derivatives of Standard Inverse trigonometric Functions :

& Conditi dy Conditi
y ax onditions y ix onditions
-1<x<1
sin ' x 1 X <1 n_ _n 1 for x > 1 x| >1
I =x2 _ESySE sec ! x XV x2—1 0<y<m
1 T
1 —-1<x<1 — forx<-1 —
cos ! x —ﬁllxKl 0<y<n xyx2—1 y7é2
» 1 X eR |x|>]
tan 1 x o . . B >
X ——<y<— —forx>1 T T
2 2 cosec ' x | xVx*-—1 ——SpE—
1
. _ 1 xeR forx<—1 20
CE 1+x2 0<y<n Xy x2—1 y
Table 1.2.1

= &
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1.2.6 Derivatives of Standard Inverse trigonometric Composite Functions :

dy dy
Y dx g dx
f'(x) f* (%)
- —— [f(¥[<1 cot ' [f(x S —
AU N e 1+ [P
. f*(x)
f'(x) B for [ f(X)|>1
-1 —:,lf(X)|<l sec ™' [f(X)] 2
f N _
cos ' [f (X)] N fO) NIl -1
: f*(x)
. (%) . - for | f(x)|>1
tan ' [ (X)] T cosec T LTCT | ¢ oy V[ F ooT—1
Table 1.2.2
Some Important Formulae for Inverse Trigonometric Functions :
(2) sin”! (sin ©) = 0, sin(sin' x) = x (2) cos! (cos 0) =6, cos(cos ! x) =x
(3) tan! (tan ©) = O, tan(tan™! x) = x (4) cot! (cot ©) = 6, cot(cot ! x) = x
(5) sec™! (sec 6) = 0, sec(sec! x) = x (6) cosec! (cosec 6) =6, cosec(cosec™! X) = x
. o T By T
(7) sin”! (cos 6) =sin {sm (2 ej }— 5 0 (8) cos™! (sin 6) = cos™ {cos (2 6) } > -0
(9) tan! (cot ©) =tan"!| tan ( 9] _r 0 (10) cot! (tan 6) = cot™!| cot (n - ej . 0
- 2 2 - 2 2
(11) sec! (cosec 0) =sec” {sec } g—
(12) cosec! (sec ©) = cosec! {cosec (g - j }: g -0
: 1 ) 1
(13) sin”! (x) = cosec™ (Yj (14) cosec™! (x) =sin™! (;J
1 1
(15) cos™! (x) = sec™ ( j (16) sec! (x) =cos™! (Y]
(17) tan™! (x) = cot™! ( j (18) cot! (x) = tan™! (%j
(19) sin"! x + cos ! x :g (20) tan"! x + cot ! x :g (21) sec! x + cosec! x :g
(22) tan! x + tan! y = tan! ( X*y j (23)tan"' x —tan'y =tan™! ( G j
1-—xy 1+xy

In above tables, x is a real variable with restrictions. Table 1.2.3
o S
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Some Important Substitutions :

Expression Substitutions Expression Substitutions
— _of _ 2X
V1 — X2 X =sin 0 or x = cos 0 X =tan 0
1+x?
1 —x X =tan 6 or x = cot 6 1—x2
Vx2+1 X =sec 0 or x = cosec 6 1+ x? x=tan
a+x 2 . 3x—4x%or 1 —2x? X=sin0
a+ X XZAcsSuOrX=acos 4x®—3xor 2x*— 1 X =C0S 6
33X —x3
1 + X \/ _— = t 9
X = COS 20 or X = c0S 0 - X=1tan
\/ 1+ x 1-3x :
21(x) 1-[f(X]
a+x a—x?
X2 =a cos 20 or X2 =a cos 0 or f(x)=tan 6
\/a x © \/a+x2 L+[FOF 1+ [F

Table 1.2.4

@) SOLVED EXAMPLES )

. — : T
Ex. 1: Using derivative prove that sin”! x + cos™! x = >

Solution :  Let f(X)=sin"'x+cos'x ..... 0
We have to prove that f (x) =g

Differentiate (I) w. . t. X

d d_.
d_[f x)] = OI_[sm I'x +costx]
f'(x)= ! =0
NI —x2 N1 —X%°
f'(x) =0 = f (x) is a constant function.
Let f (x)=c. For any value of x, f (x) must be c only. So conveniently we can choose x =0,

from (1) we get,

£(0) = sin ' (0) + cos ! (0):0+g:%:c— f(x)—

. T
Hence, sin! x + cos™! x = >
Ex. 2 : Differentiate the following w. r. t. X.

(i) sin'(x® (if) cos'(2x2—X) (iii) sin"'(29)

(iv) cot™! (%} (V) cos‘( /%j (vi) sin?(sin™ (x?))
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Solution :
(i) Lety=sin"'(x®)
Differentiate w. r. t. X.

dy
—~ =_—_(sin"(x®
- (sin"! (%)
1
= —(xX®
oy O
1
= (3x%)
V1 — X8
dy 3x2
dx _\ll—x6
(iii) Lety=sin"'(2Y
Diﬁ'erentiatew r. t. X.
dy _
sin™! (2%
ol ( 1(29)
d
@)
Vi - @)
= (2¥log 2)
\1 - 22
dy 2*log 2
A \I-4

(iv) Lety=cot (%) =tan™' (x%)

Differentiatew r.t. x.

(if) Lety=cos!(2x*—x)
Hence cos 'y = 2x?—
Differentiate w. r. t. X.

d
— sin y-d—z: 4x—1

dy 1-4x 1-4x

dx  siny _\/1 —cos?y

dy 1 —4x

dx  AT-x2@2x—1)
Alternate Method :

Ify=cos™ (2x*—x)
Diﬁerentiate W. r. t. X

(v)

Lety=cos ( /%}

Differentiate w. r. t. X.

dy _
— =—(cos!'(2x>— X
- ( (2¢=x))

-1 d ,
\/1—(2x2 X)° dx (2
\/1—x2(2x—1)2 (=D

dy 1 —4x
dx  AT-x2(@2x—1)

)

.. from (1)

X)

)
)

j—i —_(tan () y _ i s ( 1+x
1 d ( 2) dx dx
= - — (x
1+ () X 1 d( [T+x
dy 2X B / ( 1+Xj " dx
o 11— /2%
1
(vi) Let y=sin’(sin ' () J i \/ﬂ “ d
= [sin (sin™ (x2)]2 = (x2)2
y = x4 \F 1
Diﬁerentiate W. r.t. X \/1 —X \/EVl + X
Y9 ) W o _ !
dx  dx dx dx 2 \/sz
o SOe
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Ex. 3 : Differentiate the following w. r. t. X.

(i) cos'(4cos®x— 3 cosX)

1 — cos 3X
sin 3x

(i) Lety=cos'(4cos®x— 3 cosX)

(iv) tan™!

Solution :

= cos! (cos 3x)

y = 3X
Differentiate w. r. t. X.
dy d
— =—(3x
dx dx( )
dy _q
dx
. 1 —cos X
(iii) Lety=sin!' | | ]
2
_ it 2 sinz(%)j
2
(X
=sin7! |sin| —
2]
_x
y=3
Differentiate w. r. t. X.
dy d (ij _dy _1
dx dx\2 B )

COS X

0S 1+sinx
(v) Lety=cot! ( . j =tan™! ( j
1+sinx COS X

(i) cos'[sin (49]

COS X
(v) cot! ( . j
1+sinx

1 - X
(i) sin™! cos

(i) Lety=cos'[sin (49]

]

_n_4X
=5

Differentiate w. r. t. X.

dy :E(E—mJ =0 4log 4
dx dx\2
dy
— =—4log 4
dx g
(iv) Lety=tan™' (LMJ
sin 3x
2 sin?(%)
=tan™! -
2 sin (%) cos (%)
3X
=tan’! [tan (—H
2
B 3x
Y=
Differentiate w. r. t. X.
dy_d(BxJ . dy 3
dx  dx \ 2 odx 2

(leos() +snGOT)
ooty sy

(cos(%) : Sin(é)j
=tan™!

cos(3) —sin(3)

1 —tan (%)

T X T X
=tan' | tan (—+—j LYy=—4—
{ 4 2 4 2

[cos (5) +sin (3)]° j

[cos () —sin(3)] [cos(3) + sin(3)]
] (1 +tan (%)

=tan!'| ——

X
J....Divide Numerator & Denominator by cos (EJ

Differentiate w. r. t. X.

cdy 1

2 Tdx 2

/
. O@O .
AN

Get More Learning Materials Here : &

@g www.studentbro.in



Ex. 4 : Differentiate the following w. r. t. X.

n Sin_1[2cosx+3sinxj i COS‘l(ssinX2+4COSX2j i Sin_l(acosx—bsinxj

V13

Solution :

() Lety=sin (2 cos X + 3 sin xj

V13

2 3
=sin’! (— COS X + —— COS xj
13 V13

2 . 3
Put——=sin o, —— =co0s o

V13 V13

4 9
Also, sin2a+coszoc:—+E=1

2 2
Andtano=— .. o =tan™ (_J
3 3

y = sin’! (sina €oS X+ COS a Sin X)
y = sin™! (sinx cos o+ COSX Sin )
y= sin”' [sin(X+ a)]

2
y= x+tan™ [—J
3

Differentiate w. r. t. X.

5

Va? + b?

5

3 . 4
=Cc0S'| — sin X2 + — cos x?
5 5

3 ) 4
Put — =sin o, — =cos a
5 5

9 16
Also, sinfa +cos?o=—+—=1
25 25

3 3
Andtano=— .. o =tan™' (_)
4 4
y = cos™' (sina sin X*+ €os a. COS X?)

y = c0s™' (COSX? oS a.+ Sinx?sin o)
y = cos™! [cos (x*— a)]

3
=X2_t -1
y= X'~ tan (4]

Differentiate w. r. t. X.

2
d_y:i x+tan‘[—j =1+0 ay_9 x2—tan1(i] =2Xx—0
dx  dx 3 dx  dx 4
d
dx dx
(iii) Lety=sin (a cosx—bsin Xj —sin‘[ COS X — sin xj
Va2 + b? az+b? az+ b?
b

Put =sin q, =C0S o

»\’az + b2 a2 + b2
Also, sin® oo + cos? o, = & + il =] Andtano = e tan™! a

S ‘@ @ T YT (Ej

y = sin!' (sina cos X— cosa Sin X)
But sin (o. — X) = sin oL €C0S X — COS & SiN X
y = sin™' [sin (o — X)]
a
y = tan’! (—) —X
b
Differentiate w. r. t. X.

d_y :i tanl(ij—x =0—-1
dx dx b

. .
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Ex.5: Differentiate the following w. r. t. X.

2X 1
i) sin! i) cos!(2x \1—x? iii) cosec™!
0 (1"’)(2} W ( ) i (3x—4x3)
2e* 1 —9x? 2 —27x
iv) tan™ V) cos’! vi) cos™
™) (l—eZXj ) [1+9x2j o) [2X+2Xj
— w2 _ x+1
wiiytan' | 2% iii) sint [ SYIZX 12X ) gin [ 2
. 3+X 13 1+ 4x
Solution :
i) Lety=cos'(2x V1—x2
0 Letyzsml( 2x j (i) Lety=cos™ (2x V1-x)
1+x Put x=sin0 .. O =sin"'x
Put x=tan 6 .. 0 =tan'x . y=cos’ (2 sin 0 \/m)
y= sint| 20 y = cos' (2 sin 6 Vcos?6)
1+tan?6
y = sin™ (sin 20) = 20 y =cos ' (2sin 6 cos®) = cos™' (sin 20)
y= 2tan"'x y = cos™! {cos (E - Zeﬂ =T 29
Differentiate w. r. t. X. 2 2
e :
ﬂ = 21 (tan"'X) S y=——2sin'x
dx dx 2
Differentiate w. r. t. X.
&y _ 2 dy d
- = T
dx 1+x° & :—(——2sin1xj
dx dx\2
2x1
W o
dx V1 —x?
dy 2
dx V1 —x2
1 2e*
iii) Lety=cosec™! i — tan-!
(iii) Lety (3)( — 4X3J (iv) Lety=tan (1_ eZXj
y =sin (3x — 4x°) Put e*=tan 0 .. 6 =tan' (e*)
Put x=sin© .. 6 =sin"'x ([ 2tan©
) ) y=tan!'| ————
y =sin"' (3 sin 0 — 4 sin® 0) 1+tan?0
y =sin' (sin 30) = 30 y = tan™'(tan 20) = 26
y=3sin"'x ooy = 2tan ()
Differentiate W. r. t. X. Differentiate w. r. t. X.
dy d . | dy d .
—— =3—(sin” — =2 [tan"'(e*
» 3dx (sin"'x) ix ix [ ( )]
dy 3 dy 2 d (@) = 2e*
dx A1 -2 odx o 1+ (@9 dx 1— e

/
. O@O .
AN
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1 —9x?
v) Lety=cos’!
V) g [ 1+ 9x2j
1- (3x)2j

y= cos! (
1+ (3x)?

Put3x=tan 0 .. 6 =tan™'(3x)
1 —tan?0
m}

y = cos ' (cos 20) = 20

y= 2tan"'(3x)

Differentiate w. r. t. X.

y= cos*{

dy d

— =2— |tan'(3x
o = 2 [tan 3]
d_y :%i@x)
dx 1+ (3x)" dx

d_y B 6

dx  1+09x2

(vii) Lety = tan"! ( /3;)()
3+X

(vi) Lety=cos™! (

2X — 2*X
2+ 2%
2

y= 1m—2tan"'(2)
Differentiate w. r. t. X.

1 X
Putx=3co0s20 ... 0 =—cos’! (—]
2 3

| [3—3cos26 4
y = tan T |=tan
3+ 3cos 20

y= tan' (Ntan? ) =

= 0= ! cos™! X
=573 [3)

Differentiate w. r. t. X.

=2 {“’5 5]
EPRAE

tan~! (tan 0)

2 dx

o 1
B IR
3
dy o 1
dx 249 —x2

y = cos '[cos (m — 20)] =

(2420 =27) . [Multiply &

y=cos!| ——— = .

2X(2x+ 279 Devide by 27

2%~ 1 1- (2
y=cos! =CoS!'|— #

22X + 1 1 + (2X)2
Put2X=tan 0 .. 0 =tan'(2¥)

— 2
y = cos’ —lt—ane = €o0S '[— cos 20]
1+tan?6

T— 20

Get More Learning Materials Here : &

dy d
— =— |n—2tan' (X
L 29]
d 2 d 2-2*-log 2
Y _o- Y @y=-22197
dx 1+ (29 dx 1+ 2%
dy ~ 2*log2
dx 1+ 2%
\/3(1—005 20) | _ pa| [25i0%0
3(1 + cos 20) 2 C0s%0
1 1
— X —
2" e 3
9
o
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13
Putx=sin6 .. 9 =sin"'x

y= sin’ [5\/1— sin?0—12 sin ej _ sin! (5\/00526—12 sin ej _ sin”! [5 cos0—12sin 9)

13 13 13

(viii) Lety =sin- L@j

5 12
y=sin'| —cos®—-—sin 0O
13 13

5 . 12
Put—=sin o, — =co0s a
13 13

25 144
Also, sin2 o + cos? ol = —— + ——
169 169

5 5
Andtano=-— .. a=tan™' (—j
12 12
y = sin”' (sina cos 06— cosa sin ) = sin”! [sin (o — 0)] = (o — 6)
5 :
y = tan’! (—J —sin'x
12
Differentiate w. r. t. X.

dy d tan‘(5J—sin‘1x =0- !
dx dx 12 1-x2

dy B 1
dx  V1-x2

x+1 . OX
(ix) Lety=sin"' 2 =sin’! 22 >
1+ 4 1+(29

Put2*=tan 0 .. 6 =tan™'(2)

y = sin’! (%} = sin'(sin 20) =26 = 2 tan"'(2¥)
+ tan

Differentiate w. r. t. X.

dy d 2 2

— =2— |tan' (¥ — ()= 2%-log 2
o =2 et @)] = T o7 d() o (24109 2)
dy B 2**1log 2

dx  1+4

Ex. 6 : Differentiate the following w. r. t. X.

4x 7X
i) tan™ i) tan™!
0 [1+21x2j W (I—IZXZJ
(i) cot” b sin x —a cos x (iv) tan" 5x+1
asin x + b cos x 3 —X— 6X?

/
. O@O .
AN
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Solution :

X
i) Lety=tan' ii) Lety=tan™'
0 d (1 + 21x2j (W) d (1 - 12x2j
- 7x —3x - 3X + 4X
=tan!| ——— — =tan!| ———
(1 +(7X) (3x)j [1 —(3%) (4X)j
y=tan'(7x) —tan' (3x) y=tan'(3x) + tan! (4x)
Differentiate w. r. t. X. Differentiate w. r. t. X.
dy d . . dy d _ .
—~ = [tan™ (7x) — tan™" (3x)] —2 = [tan""(3x) + tan™' (4x)]
dx dx dx dx
d - d - d - d ~
= [tan' (7x)] — — [tan™" (3x)] = [tan" (3x)] + — [tan™" (4x)]
dx dx dx dx
:;Zi 7X —;2-1(3)() :%i 3X) + 1 2-i(4x)
1+ (7x)" dx 1+ (3x)" dx 1+ (3x)" dx 1+ (4x)" dx
dy 7 3 o dy 3 N 4
dx 1+49x2 1+09x2 Todx 149 1+16x%2

_( bsinx—acosx ~(asinx+bcosx B b +cotx
(iii) Lety=cot™! - =tan™! - =tan!'| ——————
asin x + b cos x b sin x — a cos x 1 - (&) (cotx)

a a
=tan™' —j +tan"!(cot x) =tan! [—j +tan™'| tan [E—xj
b b 2

y=tan™ EJ + X%
b 2

Differentiate w. r. t. X.

y = i |:tan‘1 [i) + E — X}
dx  dx b

=0+0-1
d
Yo
dx
. 5x+1 5x+1 5x +1
(iv) Lety=tan™! _XrL =tan™! X =tan™! X
3—X—6X2 1+2—Xx—6x I —(6x*+Xx—2)

5x+1 5x+1
=tan’! j =tan! ( j
1 —(6X2+4x—3x—2) 1 —[2x(3x +2) — (3x + 2)]

5x+1 | (Bx+2)+(2x—1)
1= (3x+ 2)(2x - 1)] =tan (1 ~(3x+ 2)(2x - 1))

. .
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y=tan'(3x +2) +tan"' (2x — 1)
Differentiate w. r. t. X.

dy =i[tan*1 (3x +2) +tan”' (2x — 1)]
dx  dx
d . d )
= [tan'(3x + 2)] + — [tan"' (2x — 1)]
dx dx
= ! d(3x+2)+ d 2x—1)
T 1+ (3x+2)° dx 1+(2x— 172 dx
dy 3 . 2
dx 1+(3x+2° 1+(2x—1)
p

N

| EXERCISE 1.2}

(1) Find the derivative of the function y = f (x)
using the derivative of the inverse function
x=f"1(y) inthe following

() y=+x (i) y=v2--Kk
(iii) y=3x-2 (iv) y=log(2x—1)
(V) y=2x+3 (vi) y=e-—

(vii) y=¢e*"?

(viii) y = log, G)

(2) Find the derivative of the inverse function of

the following

(i) y=x>e (i) y=xcosx
@iii) y=x7 (iv) y=x*+logx
(v) y=xlogx

(3) Find the derivative of the inverse of the
following functions, and also find their value
at the points indicated against them.

(i) y=x3+2x3+3x, atx=1
(if) y=e+3x+2, atx=0
(i) y=3x+2logx® atx=1

(iv) y=sin(x—2)+x%atx=2
(4) Iff(x)=x3+x—2, find (f 1) (0).
(5) Using derivative prove

. T
(1) tan'x+cot'x= Y

.. T
(if) sec'x +cosec'x = o [for | x|>1]

(6) Differentiate the following w. I. t. X.
(i) tan'(log x) (i) cosec™!(e™)
(iii) cot (x®) (iv) cot!'(4)

(v) tan'(+X) (vi) sin™ ( /1 ;XZJ

(vii) cos'(1—x?2)  (viii) sin™ (x%)
(ix) cos*[cos™ ()] (x) sin* [sin™' (vX)]
(7) Differentiate the following w. I. t. X.

(i) cot![cot (e)]

y (1
(i) cosec (cos (5*)]
(iii) 003‘1[ /—1 T oos Xj
(iv) cos™ ( L~ cos (Xz)j
L 1-tan(3)
(v) tan [1+tan( )j
1

(vi) cosec™! ( j

4 cos®2x — 3 €0S 2

o (1+cos()
(vii) tan [—sin(é) j

sin 3x
viii) cot™!| ——
(viii) (1+cos3xj

= &
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COoS 7X
ix) tan”'| —
() ( 1+sin 7xj

) tan’ 1+ cosx
1 —cos X

(xi) tan'(cosec x + cot x)

JL+sin(2) + J1-sin(%)

(xii) cot™!

\/1 +sin (%) - \/1 —sin (%)
(8) Differentiate the following w. I. t. X.
[4 sin X + 5 cos xj

(i sin'

(i) \/3 COS X — sin Xj

(iii)

(V) cos 1(3 Cos 3X — 4sm3x]

cos\/_+sm\/_j

(v)

3 cos (eX) +2sin (ex)j

6 sin (2*) — 8 cos (2*)}
(9) Differentiate the following w. I. t. X.

(i) cos! (

(vi) cosec (

1.3.1 Logarithmic Differentiation

1 —x? . 2
X (i) tan! X
1+x? 1 —x?

Lo (1=

(iii) sin (mj

(v) cos™' (3x—4x3)
. (19

(vii) cos (l+ Xj
. N

(ix) sin (1 SEr? j
N tan 2x3

(xi) tan -

(iv) sin! (2xT—x?)

(vi) cos™ [ex_exj
X + e X

(viii) sin ‘( 24X]

(10) Differentiate the following W. I. t. X.

. o 8x
() ten (1 - 15X2)

L2
(i) tan (1+—3xj

2X
v) tan’!'| ——
( ) (1 + 22x+lj

(vii) tan™! [

b—atan x

(viii) tanl( X

3X+ 2

(ix) cot ! [4_)(—_2)(2)

a+ b tan x

(xii) cot™ ( j
.. [ 1+35%
(i) cot o j

. L2
(iv) tan T3 3(4X)j
) L[ @—6x?
(vi) cot -~ j

|

6x*— 5X — 3}

The complicated functions given by formulas that involve products, quotients and powers can often

be simplified more quickly by taking the natural logarithms on both the sides. This enables us to use

the laws of logarithms to simplify the functions and differentiate easily. Especially when the functions

are of the formy = [ f (X)]°¥ it is recommended to take logarithms on both the sides which simplifies to

log y = g(x). log [ f (X)], now it becomes convenient to find the derivative. This process of finding the

derivative is called logarithmic differentiation.

@ SOLVED EXAMPLES ]

Ex.1:

Differentiate the following w. I. t. X.
[ 0e+3)2 J0e By
(i) 3
J(@xe +1)

4
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(i) X+ 1)7 @x+3)7 Bx+4)Forx=0 (V) X +x‘+a (v) (sin X

Solution :

. ( (@ +3)* 3/(x+ 5)° j

(i) Lety = -
(2x* +1)

Taking log of both the sides we get,

2+ 3)° 3 (x+ 5)° j [x2+3)2(x3+5)§]

(2¢ +1)° (¢ +1)°

logy = Iog(

2 3

= log [(x2+ 3)° (x3+ 5)5} —log (2x2 +1)?
2 3
=log (x2+ 3)° + Iog (x3+ 5)5} - log (2 +1)?

logy =2log (x2+3) +— Iog (x*+5) - Iog (2x +1)

Differentiate w. r. t. X.

2
di(log y) = dd [2 log (x*+ 3)+—Iog e+ 5)— log (2x2 +1)}
X
2 5.9 iog 6o+ 3] + 22 log (+ )] - > [log (26¢ + 1)]
y dx dx 3 dx 2 dx
- ey L) (@)
N x2+3& 3(x*+5) dx 2(2x2 + 1) dx
dy

(3x%) —

2 3
-2 (2x) + (4
o {xz 3 36+ 5) 22¢ + 1) X)}

dy (< +3)* 3/ (x°+ 5)° { 4x 2x? 6x }
X2+ 3

- = + J—
dx (2x + 1)3 (x®+5) 2x2+1

e’ (tan ) 3

(i) Lety = 7
(1 +x?)2 cosx

Taking log of both the sides we get,

e’ (tan x)
3

- j _ log [ (tan x)?] — log | (1 + x)? (cos x)*
(1 +x?)2 (cosx)®

logy =log (
=log e+ log (tan x)§ - [Iog (1 +x)2 + log (cos x)3}
3
=x%log e+ ; log (tan x) — 5 log (1 +x?) — 3 log (cosX)

3
logy =x2+ ; log (tan x) — 5 log (1 +x?) — 3 log (cosX)

/
. O@O .
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Differentiate w. r. t. X.

3
di (logy) = di {x2+ X log (tan xX) — — Iog (1 +x? — 3 log (cos x)}
X X

1dy 2 d x\ 3d d
- =__ +—— log (tan X)| + log (tan X) — | — | ———|log (1 + x?)| — 3— | log (cos x
o = g 09 g Tog Gan o] +og (anx) (] 4 Tlog (3] =3 . [log cos)]
x 1 d 1 3 3 d
_2x+—-—-— tan x) + log (tan x ———(cosx
2 tanx ( ) g ) 2(1+x2) dx( COS X dx( )
1 3
=2 +—- t 2x) + —log (t - (2X) — i
X 5 (cot x) (sec? x) > 0g (tan x) 20+ (2x) o5 sinX)
X  COS X 1 1 3X
=2X+ —x —— X + —log (tan x) — + 3 tanx
2 sinx cos’x 2 1+x2
dy 1 3X
—=y|2X+— 4+ —og (tan xX) — + 3 tanx
dx y{ 2sinxcosx 2 9( ) 1+x? }

dy e’ (tan X) 2

dx 1+ x2)2 Ccos®X

1 3X
2X + x cosec 2x + — log (tan x) — + 3 tanx
2 1+x

5 2
(iii) Lety=(x + 1)E (2x +3)2 (3x + 4)®
Taking log of both the sides we get,
3 5 2
logy =log [(x +1)2 (2x +3)2 (3x + 4)5}
3 5 2
=log (x + 1)2 + log (2x + 3)2 + log (3x + 4)°
3 5 2
logy :Elog (x+1)+5log (2x+3)+§Iog (3x +4)

Differentiate w. r. t. X.

%(Iogy) = d {3 log (x+1)+£|og(2x+3)+glog (3x+4)}

o

e =y log Gor )+ flog (¢ 2)] + - [log (3¢ 4)
~ 3 d 5 d 3 2 3+ 4
" 20+ o Y ey BT e g d_(x )

dy 3 . 5
&_y{Z(x+1) 2(3x+1)( ) 3(3x+4)( )}

3 5 2 3 15 2
—=(x+1)2 (2x + 3)? (3x + 4)° {Z(X 1) + 26x+ 1) + o 4}

(iv) Lety =x*+ x* + a*
Here the derivatives of x* and @* can be found directly but we can not find the derivative of X*

without the use of logarithm. So the given function is split in to two functions, find their derivatives
and then add them.

. SO .
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Letu=x*+a*and v =x*
y =u+ v, where u and v are differentiable functions of X.
dy du dv
="+ ()
dx dx dx
Now, u = x* + a*

Diﬂerentiatew r.t. x.

S ) @
dx
du

—=ax'+aloga ... (1
dx

And, v = x*

Taking log of both the sides we get,
log v = log x*
log v =x log x

Differentiate w. r. t. X.

d
— (xlog x
dX( gx)

1
<}
(o]
=
I

—— = xi(log x) + log xi(x)
dx dx

— = v{xx%ﬂogx(l)]

— = xX[1+logx] ... (D)

Substituting (1) and (I11) in (I) we get,
?zaxal +a*loga+ x<[1+ log x]
X

(v) Let y = (sin x)tnx— xlogx
Let u = (sin x)®¥"*and v = x'o9*
y =u—Vv, where u and v are differentiable functions of X.

dy du dv
gy a v 0
dx dx dx
Now, u = (sin x)*, taking log of both the sides we get,
log u = log (sin x)&* log u = tan x log (sin x)

Differentiate w. r. t. X.
di (log u) = i [tan x log (sin x)]

ldu = tan X< [Iog (sin x)] + log (sin x) a (tan x)
u dx dx

= tan x 1 d (sin x) + log (sin x)-(sec?)
- sin x dx i
/)
. Q@O .
N
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du

dx sin X
du

dx
du
dx
And, v = xlog

Taking log on both the sides we get,

log v = log (x' )

1 .
= u|tan x-——-(cos x) + sec? x-log (sin x)
= (sin x)@*[tan x-cot X + sec? x-log (sin X)]

= (sin x)®*[1 + sec? x-log (sin x)]

log v = log xlog x = (log x)?

Differentiate w. r. t. X.

d d )
™ (logv) = ™ [(log x)°]

1 dv
v dx

~—=2log xi(log X)
dx

dx X

Substituting (1) and (I11) in (I) we get,

dy

1.3.2 Implicit Functions

dv U[Z log x] _ 2x"%9*og x

™ = (sin x)®*[1 + sec? x-log (sin X)] —
X

2x'°9% Jog X

Functions can be represented in a variety of ways. Most of the functions we have dealt with so far
have been described by an equation of the form y = f (x) that expresses y solely in terms of the variable
X. It is not always possible to solve for one variable explicitly in terms of another. Those cases where it
is possible to solve for one variable in terms of another to obtainy = f (x) or x= g (y) are said to be in

explicit form.

If an equation in x and y is given but x is not an explicit function of y and y is not an explicit function
of x then either of the variables is an Implicit function of the other.

1.3.3 Derivatives of Implicit Functions

1. Differentiate both sides of the equation with respect to x (independent variable), treating y as a

differentiable function of X.

dy

- . : d
2. Collect the terms containing ™ on one side of the equation and solve for
X

‘

Get More Learning Materials Here : &

@g www.studentbro.in



@) SOLVED EXAMPLES J

Ex.1: Find d—y if
dx
(i) xX+xyP+xy+y*=4 (if) y®+cos (xy) =x2—sin (X +Y)
(i) x*+e¥=y>+log (x +)
Solution :
(i) Giventhat: x>+ xy*+x%y +y*=4

Differentiatew r.t. x.
d
- (X5) i (Xy3) i (Xzy) i (y4)——( )
d
5x* + X (y3) + y (X) + xz— (y) + y— )+ 4y3d—X (y)=0

5x4+x(3y2)—+y3 (1)+ng +y(20+ 4y3gy 0

X2 = dy + 3xy? = dy +4y3 jy =—5x'—2xy —y®
X

dx dx
(x*+ 3xy? + 4y°) % == (5x*+ 2xy +y’)
X

dy 5x* + 2xy +y°
dx | X3+ 3xy2+ 4y

(if) Given that: y* + cos (xy) = x> —sin (X + )

Differentiate w. r. t. X.

S oS ()] = 00) - [sin (e +y)]

d d d
3y> — (y) —sin (Xy) — (Xy) =2x —cos (X +y) — (X +Y)
dx dx dx

d d d
3y2—y—sin(xy) x—y+y(1) =2X—cos (X +Y) 1+—y

dx dx dx

dy ) dy ) dy
3y? —= —xsin (xy) —— —ysin (xy) =2x —cos (X +y) —cos (X +y) —

dx dx dx

dy dy dy :
3y? — —xsin (Xy) — + €0s (X +y) — = 2x + y sin (Xy) — cos (X + )
dx dx dx

d
[3y? — x sin (xy) + cos (X + Y)] d_i =2x +ysin (xy) — cos (X +Y)

dy 2x+ysin(xy) —cos (x +Y)
dx  3y2—xsin (xy) + cos (x +Y)

/
. O@O .
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(iii)

Ex.2:

Given that : x> + e =y2 + log (x +Y)

Recall that ig (fX))= g (fxx)) - if(x)
dx dx

Find x™-y" =

Diﬁ”erentiatew r.t. X.

d d
d_(X2)+ [exy]— (y2)+—[log (x +y)]
dy
2x+eXy Xy) =2y — + ~(x+
=2y +ydx( )
d d 1,4
20+ e |x L +y(1) =2y + el
dx dx x+y dx
d d 1 1 d
2x+xeXY—y+yeXy 2y—y+ + Y
dx dx x+y x+y dx
1 d d 1 d
2X +yev — :2y_y—xexy_y+ _y
X+y dx dx x+y dx
dy
2x +ye — =[2y—xexy+ }_
X+y X+y | dx
2X(X+y)+ye><y(x+y)—l_ 2y(x+y)_xexy(x+y)+1 dy
X+y _[ X+y dx
) dy_2X(x+y)+ye><y(X+y)_1
Tdx 2y (x+y)—xey(x+y)+1
=(x +y)™*" then prove that ﬂ _Y,
dx x

Solution : Given that : x™.y"= (x + y)m*"

Taking log on both the sides, we get
log [x™-y"] = log [(x +y)™*"]
mlog x+nlogy=(m+n)log (x +Y)

Differentiate w. r. t. X.

m i (Iog X) +n i (|09 y)=(m+ n)% [log (x +y)]

ndy m+n d

ydx
n dy

m
< Xty &( +Y)
T n dy m+n{1 dy}
X y dx x+y dx
m.n & _men men &
X y dx x+y x+y dx
ndy m+n dy m+n m
y

“dx X+y dx X+y X
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'n m+nljdy m+n m
?_x+y]&:x+y_Y
n(x+y)—(m+n)yTdy [(m+n)x—mx+y)
y (x+Y) }EXZ[ X (x+Y)
X +ny—my—nyldy mx+nx—mx—my
y }&: X
:nx—my dy nx-—my
Ty ]&: X
dy 'y
dx X
Ex.3: Ifsin ij:r,thenshowthatﬂzl,whererisaconstant.
px™ + qy™ dx x
Solution : Given that : sin [Mj =r
px™ + qy"
—pxm — =sin’'r
px™ + qy”
M:t ...... [Lett=sin"'r]
px™ + qy"

pX" — qy" = ptx™ + qty"
pX" — px"= qy™ + qty”
PA-Ox"=q+yy"

(P o
P laa+y

y'=s-x" L () {Let5=(zgigj]

Differentiate w. r. t. X
d d
. m :S_ m
(M) =5 ()
gy
dx
m-—1
g: s-X— X!
dX ymfl
m m-—1
yzy— X X
dX xm ym—l
dy 'y

dx X
/)
o OGO S
N
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X3 +y3 dy x*tan’a _
Ex.4: Ifsec™ = 2a, then show that —— = ——— where a is a constant.
) X3 +y3 . .. .
Solution :  Given that : sec™ oyl =2a ..... [We will not eliminate a, as answer contains a |
X3 —\/3
003‘1( . ysza
X3 +y3
X3 3
y = CO0S 2a

X3 —y3=x3cos 2a + y*cos 2a
x3 —x3cos 2a=Yy3cos 2a + y?

x3 (1 —cos 2a)=y3(1 + cos 2a)
yie 1 —cos 2a .
1+ cos 2a

. 2 sin?a o
Y'=| 2 cosa

y=(anca)x®* ... (1

Differentiate w. r. t. X
9= tara) L o)
dx dx

3y2? = (tan? a) 3x2
X

dy x*tan’a
dx Y2
dy  sec*x
Ex.5: Ify= tanx+/tanx+x/tanx+...oo,thenshowthatd_: -1
X _

Solution :  Giventhat:y= / tan x + \/tan X+4tanx+..00 L. ()]

Squaring both sides, we get

y? = tanx+\/tanx+\/tanx+...oo,which IS same as

y? = tanx+\/tanx+\/tanx+\/tanx+...oo
y? = tanx+y ... [ From (1) ]

Differentiate w. r. t. X

d d dy
_ 2y = — (t + =
dx(y) dx(anx) dx

. .
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Ex.6:

If \/1—x2+\/1—y2:a(x—y),thenshowthat

Solution :
Putx=sina,y=sinf
a=sin"'x,B=siny

Equation (I) becomes,

V1 -sin2 o +V1-sin? p=a(sin o~ sin p)

Giventhat: V1—x2+V1—

y>=a(x—-y)

cos a + cos B =a (sin o —sin B)

Zcos[(HBjcos[a_ﬁj:Zacos(GJrBjsin(a_ﬁj
2 2 2 2

cos(a_B]zasin [OHB
2 2

o—f
2
sin'x—sin'y=2cot'a

=cot'a

Differentiate w. r. t. X

d

— (sin"' x) —
™ ( )

1 1 dy

Vi Vi-y dc

dy [1-y
A 1-x?

d .
o Sy =

joafc

dy

dx

1-—y?
1-x2

=a

a—pB=2cot'a

d
— (2 cot! a)
dx

(

dx
(1) Differentiate the following w. r. t. X
Qi o
(x+2)°(x +3)*
.. 4x — 1
(i) . :
(2x+3)(5—2x)

(i) (@ + 3)2-sin? 2x-2°

N

| EXERCISE 1.

|
3
Y,

4

) (X2 +2x + 2)%
(iv)
(\/x + 3)*(cos x)*
V) x°-tan® 4x
sin?3x

(vii) (sin x)*

(Vl) Xtanflx

(viii) sin x*

Get More Learning Materials Here : &
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(2)

3)

(4)

Differentiate the following w. I. t. X.

(i) xe+x+ex+et (i) X" +e¥

(iii) (log x)* — (cos x)*

(iv) x¥ + (log x)s"*  (v) e®* + (log x)®"
(vi) (sinx)@* + (cos x)®o*

(vii) 10 + x¥°+ x10*

(viii) [(tan x)=] ™" at x = %

Findd—yif
dx
(i) X+Ay=+a (i) x\x+ Yy =aa

(i) x+\xy+y=1
(iv) X3+ x2y + xy? + y3 =81

(v) x2y2—tan'\x2+y?=cot /X2 +y?

(vi) xeY+yex=1 (vii) ex*Y=cos (x—Y)
(viii) cos (xy) =x+y (ix)e® ' = ?
(X) x+sin(x+y)=y—cos(Xx—Y)

Show that ﬂ = y in the following,

dx X
where a and p are constants.

(i) Xy =(x+y)*
(i) xPy* =(x+y)P** peN

(D sec(XSJr y5j =a?

X5_ y5
(iv) tan’! Ay a>
3x2+ 4y?
. 7x4+ 5y* o
(v) cos 7XT5Y4 =tan'a
] X20_ y20
(Vl) IOg ( X20 + yZOJ =20
(vii) e =a

N .
(viii) Sm(x3+ y3j =a

.
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If log (x +y) = log (xy) + p, where p is

d 2
constant then prove that y_ Y

ax X
N X —ye
(i) Iflog,, LXSTYJ =2,
99x?
showthatd—y:— X :
dx 101y?
Xt +y?
(iii) 1f log, iy =2,
12x3
showthatd—yz— X .
dx 13y®
(iv) Ifex+eYy=e**Y, then
dy .
show that ——=—eY %,
dx
=y =w
. _n
(v) [Ifsin (x5+y5j Y
4
show that d_y = X—.
dx 3y*
(vi) Ifx¥=-e*", then
I
show that d_y = 09X

dx (1+ log x)?

(vii) |fy=\/COSX+\/COSX+\/COSX+...oo,

dy sinx
then show that — = :
dx 1-2y
(viii) Ify:J log x + \/Iog x ++/log x +... 0,
dy

then show that — = )
dx x(2y—1)

©

(ix) 1fy=x ,then

2
show that d_y = y—.
dx x(1- logy)
(x) Ifey=y* then
I 2
show that d_y = M.
dx logy—-1
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1.4.1 Derivatives of Parametric Functions
Consider the equations x = f (t), y = g (t). These equations may imply a functional relation between
the variables x and y. Given the value of t in some domain [a, b], we can find x and y.

For example x =a cos t and y = a sin t. The functional relation between these two functions is that,
x?+y?2=a?cos?t + a?sin*t=a? (cos?t + sin? t) = a? represents the equation of a circle of radius a with
center at the origin. And the domain of t is [0, 2rt]. We can find x and y for any t € [0, 2x].

If two variables x and y are defined separately as functions by an inter mediating varibale t, then that
inter mediating variable is known as parameter. Let us discuss the derivatives of parametric functions.

1.4.2 Theorem : If x =f (t) and y = g (t) are differentiable functions of t so that y is a differentiable

dy
function of x and if % = 0 then & - &X,
dt dx

dt

Proof : Giventhatx=f(t)andy =g (t).
Let there be asmall increment in the value of t say 6t then dx and dy are the corresponding increments
in x and y respectively.
As dt, ox, dy are small increments in t, x and y respectively such that 6t = 0 and 6x = 0.

. . .0
Consider, the incrementary ratio _y , and note that 5x - 0 = ot > 0.
dy
.0 < . X
ie. _y:% ,since — =0
ot

3t
Taking the limit as 6t — 0 on both sides we get,

3y

lim (Syj _lim (_g‘t j
X—> X
Sx 5t—0 5

Asot—>0,0x—>0

L oy
lim (Syj &) n
&x=0| = | T 13 SXN e
X zls!To(ﬁj

Since x and y are differentiable function of t. we have,

lim (g} = % and lim (ﬂj = d_y exist and are finite .. ... (1D
5t—0 St dt 5t—0 St dt

From (I) and (1), we get

. §y dy

lim (_jz gt (1)

S

3x—0 Sx d_>t<

The R.H.S. of (III) exists and is finite, implies L.H.S.of (III) also exist and finite

lim (ﬂj _y
5x—0 6X dX

Thus the equation (111) becomes,

dy
dy_ gt where ¥ 0
dx 5

= &

Get More Learning Materials Here : i m @\ www.studentbro.in



@) SOLVED EXAMPLES J

Find ﬂ if
dx

(i) x=at?4 y=2at?

Ex.1:

(iii) x=cos (log t), y=log (cos t)
(V) x=V1—-1t3 y=sin't

Solution :

(i) x=t—+t,y=t++t
(iv) x=a(0+sin0),y=a(l—cos0)

(i) Given,y = 2at? (i) Given,y=t+t
Differentiate w. r. t. t Differentiate w. r. t. t
Y _ 00 9 2y=2a@t) = 4at. ... . (1) &y _ 9 o1
dt e~ o T dt dt NI
And, x = at* dy 24t+1
Differentiate w. r. t. t dt - 4t T ()
d
d—xza—(t4):a(4t3)=4at3 ..... (1) And, x =t—t
dt dt § Differentiate w. r. t. t
Now, dy _ g _ 4t [From (1) and (11)] dx _d t— ) =1 1
] T Tdx — e - = — = -
d< g 4at gt a VY 24t
dy 1 dx  2yt-1 n
dX - tz E - 2\/t_ -----
2\/t—+1
dy & _af
Now, &z—i,j_)t(—z e ...[From (1) and (11)]
2t
dy 2\/T+ 1
dx  24t-1
(iii) Given, y=1log (cost)
Differentiate w. r. t. t
dy d 1 d 1 , dy
—=—l t))=—— t)=—-—(— t —=—tant  ..... |
dt dt llog (cos )] cott dt (cost) cott (sint) dt o M
And, x =cos (log t)
Differentiate w. r. t. t
dx d . d sin (logt) dx sin (logt)
—= — logt)]=— logt)— (logt)=——— S—=—— ... 1|
= g L00s (109 t)] = sin (log t)- = (log t) == = - t (I
dy g—¥ —tan t
Now, &=—g,_)t(—: T ...[From (1) and (11)]
- t
dy _ t-tant
dx  sin (logt)
o S
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(iv) Given,y=a (1 —cos 0)
Differentiate w. r. t. 6
y=ai[(l —cos )] =a[0— (—sin6)]
do do
dy .
a=asm e .. ()]

And, x=a (6 + sin 6)

Difterentiate w. r. t. 6

d
%:a—(9+sin 0) =a (1 + cos 0)
dt do

dx
—=a(l+cos®) ... I
it ( ) (1
dy .
dy g  asin@

Now, ..[From (1) and

(1]

dx X “a(l+cos6)
dt

dy 2sin(3) - cos(3) (Qj
= =tan| —
2

dx 2 cos?(9)

Now,

(v) Given,y=sin't

Differentiate w. r. t. t
dy d

E:a(smlt): 7
v__1 ()
&« vi—¢
And, x =V1 -2
Differentiate w. r. t. t
dx d 1 d
a a ) g Y
dx 1 t
@ e e W
y ¥ T
&:gz_ﬁ...[From(l)and(ll)]
dt
dy 1
dx ot

Ex.2: Find Y if (i) x = sec26, y = tan?6, at 0= " (i) x=t+y=— att=—
X. . —_— = y = y = — = -, =—, —_ —
dx y 3 ty 2 2

(iii) x =3 cost — 2 cost, y = 3 sint — 2 sin®t, att:%

Solution :

(i) Given,y=tan®0
Differentiate w. r. t. 6
d d d
Yy_= (tan 6)® = 3 tan? 6 — (tan 6)
do do do
And, x = sec? 0

Differentiate w. r. t.
ox _ d (sec?6) =2 secO d (sec )
do do N do
j—g=23ec9-secetan9=23ec26-tan9
d

ﬂ: c% _ 3tan?6 - sec’0
dx _g—g_ 2sec’0-tan O

3

Now,

d
2 -3tan?0-sec’0  ..... ()
do

... [From (1) and (I1)]
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1
(i) Given,y= 7

Differentiate w. r. t. t

dy d(1
E_dt(tzj

dy 2
==L |
dt t3 0
1
And, x=t+ n
Differentiate w. r. t. t
1 1
d_X:i(t+_j:1__
dt dt t t2
dx t?—1
—_— L. I
dt t? (h
dy ¥ -5
Now, PR i ... [From (1) and (11)]
dat
tz
dy 2
dx  t(©-1)

1
At tZE’ we get

Get More Learning Materials Here : &

(iif) Given,y=3sint— 2 sin®t

Differentiate w. r. t. t

d
—~ =—(3sint—2sin%t
dt( )

d
=3 —(sint) — 2 (sint)?
L @) =2 (sint)

d
=3 cost—2(3) sinzta (sint)
=3 cost— 6 sin?t(cost)

=3 cost (1 — 2 sin?t)

d
—y:3 costcos 2t

And, x =3 cost — 2 cos®t

Differentiate w. r. t. t

d
%:—(3 cost — 2 cos’t)
dt dt

=3 d (cost) —2 d (cos®t)
S dt dt
: d
= 3(—sint) — 2 (3) cos?t e (cost)

=—3sint— 6 cos?t (—sint)
=6 cos’tsint — 3 sint

=3sint (2 cos?t—1)

%: 3sintcos2t  ..... )
dt
Now dy §—¥ _3costcos 2t (From (1
’ dx__‘(’j—)t‘__Ssintcos 2t T
and (1]
dy
—=—cott
i co
At t=—, we get
d
(@)=l
dx t=¢
L 2
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1 1
Ex.3: |fx2+y2=t+Tandx4+y4=t2+t—2,then
d
show that X3y Y__ 1.
dx
Solution :
. 1
Given that, x* + y“:t2+t—2 ()
1
And X+yr=t+—

t
Squaring both sides,

sy =(1+7)

1

X+ 2xy?+yt=xt+yt+2 . [From (1)]
2 X%y2=2 xy?2=1 ...(lD)
Differentiate w. r. t. X
d d
—(xy?)=—(1
o 0=
d d
X*—(y?) +y*—(x?) =0
o )y ()
X*(2y) ﬂﬂ/z (29 =0
dx
dy dy 2Xy?
X2 —— = — DxV2 2
Y dx X :>dx 2x%y
1
dy X[x_zj
Vi 2y ... [ From (11)]
dy -1 . dy
- . — =
dx  x%y Xydx

Ex.5: Ifx=Va tandy=Va® ", then show that
X

Solution :  Given that,

Differentiate (I) w. r. t. t

1 1
Ex.4: Ifx=a (t—TJ andy=hb [t+ TJ’
dy b
then show that —— = —.
dx a¥

Solution :
. 1 1
Given that, x=a (t— TJ andy=hb (t+ Tj

e Xt mand Lote =
st Lot

Square of (I) — Square of (II) gives,

X2 y? . 1y’ t+12
a2 w‘( J ( J
=t2—2+——t2—2—i
2 2
a2 a

Differentiate w. r. t. X

1 d 1 d d
()= —(V)=—(—4
2 dx () b? dx(y) dx( )

x=a" tandy="a® 't
e x="\ aSin"t o (|) and y= \[acos’lt

L @0~ @) =0
a? b? dx
a’ b? dx
2y dy 2x dy Db
B dx @ dx ay
dy b
dx ay
dy Yy
X
)

d (= 1 d .
%:_( asn t] — __(asm t)
dt dt ZW dt

1

- d .
=————a" '-loga— (sin"'t
9 OIt(' )

21 [asin’lt

= &
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B asin’lt . |og a 1
T e AP
\Jasin 't | x log a
de_Nam tloga_ E% iy [From ()]
dt 2V1-¢ 21—t
Now y = Va«s 't
Differentiate (IT) w. r. t. t
d (o 1 d "
d_y:_[ aCOStj: __(acos t)
dt dt Zﬂacos’lt dt

y d
2% t.loga— (cos't)

1
PN dt
acos’lt . |Og a 1
- 2\/acos"t [_ \1-t2 j
d_y - Vacs 't log a:_%\/g_az. (V) ... [From (ID)]
dt 2\1 -2 -t

dy £ 7%
Now, d—iz—g’_i—z fﬁ: ..... [From (1) and (V)]
t Ned
&__y
dx X

1.4.3 Differentiation of one function with respect to another function :

If y is differentiable function of X, then the derivative of y with respect to x is ?
X

Similarly, if u= f (x), v= g (x) differentiable function of X, such that (;_u =f'(x) and ? =0 (x)
X

X
o _ Cdu ()
then the derivative of u with respect to v is Vi - = )
ax
@) SOLVED EXAMPLES ]
Ex. 1: Find the derivative of 7*w. r. t. X".
du
Solution : Let: u=7*and v = X, then we have to find v
du & And,v= X’
— = (D . .
dv 3 Differentiate w. r. t. X
dv d
Now, u = 7 — =—X)=7x® ()
. ) dx  dx
Differentiate w. r. t. X o .
du q Substituting (1) and (111) in (1) we get,
— =— (™) =7log7 ...(ll x
dx dx() J an d_u=7|og7
dv X5

. .
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Ex. 2 : Find the derivative of cos'x w. r. t. y1—x2.

du
Solution : Letu=cos'x and v= +1—x? then we have to find v

v
o odu
ie. E:—gﬁ— (D

dx
Now, u = cos™ x
Differentiate w. r. t. X

du d e

i —&(cos X) = o (I

And,v= V1-x2

Differentiate w. r. t. X

i =£(\/W): ! -i(l—xz): ! - (—2%)
dx  dx 2V1—-x2  dx 241—x2
v X am

dx =

Substituting (I1) and (111) in (I) we get,
1

du s _ du 1
dv X T dv x
1-x2
. . V1+x°—1 . 2X
Ex.3: Find the derivative of tan™'| ——— |w. r. t. sm‘l( )
1+x2
\/1 +x2—1 . 2X du
Solution : Letu=tan!|——|andv = sin™! , then we have to find —.
X 1+ x2 dv
du
H dx
le.—= (1
T 0
VI+x-1
Now,u=tan!|———

Putx=tan0 .. 6 =tan' x

1
Vi+tan?0—-1 sec0— 1 oo ! 1 —cos 0
u=tan'!'|——————|=tan’!| ———|=| —5— | =tan! | ——F—
tan 0 sin o

tan 0
) . ~ cos 0
2si? 5 0
=tan!|——————|=tan’'|tan |
2'sin |~ cos ~ 2
L \2/‘ \2»_
0 1 .
u= 2<% tan~' x
Differentiate w. r. t. X
du 1d - |
— =——(tan'x) = o
dx 2 dx 2(1+x?) (I
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) 2 ) .
And, v = sin! ) P n' _2tan0 =sin™'(sin 20) =20
1+x2 1+tan’0
v = 2tan'x
Differentiate w. r. t. X
dv

d
— =2—(tan"'x) =
dx dx 1+x?
Substituting (I1) and (111) in (1) we get,
1
du 20009 1

.

w2z 4
1+x?
( h
kEXERCISE 14 )
1) Findﬂ it (3) (i) Ifx=a+/secO —tan0, y=a+/secO +tano,
dx hen show th dy y
(i) x=at?,y=2at then show t at&_ ;
(i) x=acot0,y=Dcosec0d (ii) 1f x = &3 y = g3 then
(i) x=+a>+m?y=log (a*+m’) show tha dy  ylogx
(iv) x=sin0,y=tan0 dx  xlogy’
(v) x=a(l—cos8),y=Db(0—sin0) t+1 t—1
] 1)¢ 1 (li)If x = Y= , then
(vi) X:(HTJ Jy=a"t, t—1 t+1

(vil) x= cos”( 2t

wherea>0,a=1andt=0.

j, y=sec' (\1+1)

1+1t2

(viil) x = cos™ (48 = 31), y = tan'! [Ej
t

(2) Findyif
dx
(i) x=cosec?0,y=cot®6, at 6 :%
(i) x:ac0539,y:asin39,at9=g
t t
(iii) x:t2+t+1,y:sin(%j+cos[%j,
att=1
(iv) x=2cost+cos2t,y=2sint—sin2t,
T
att=—
4
(v) x=t+2sin(rnt),y=3t— cos(nt),
1
att=—
2
2

Get More Learning Materials Here : &

show that 2+d_y_0
y dx

(iv)If x=acos®t,y=asin®t, then

show that d_y =— [lj g.
dx X

(V) Ifx=2cos* (t+3),y=3sin*(t + 3),

show that d_y =— /ﬂ.
dx 2X

(vi) Ifx=log (L +1t?),y=t—tan't,

showthatd—yz ver—1,
dx 2

(vii) If x =sin™! (et), y =1 — €7,

. dy
show that sin x + —=0.

dx
2bt 1—12
viil) If x = ,y=a ,
(i 1+t Y [1+t2j
dx b2y
show that — = — —.
dy a2x
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(4) (1) Differentiate X sin X W. r. t. tan x. (v) Differentiate 3* w. r. t. log, 3.

2X
(i1) Differentiate sin! ( j

T+ 2 L , Cos X
X (vi) Differentiate tan™' T+sinx
— y2
W. r. t. cos™! m— : W. T t.sec! X
1+x2 S '
. ) X (vii) Differentiate X* w. r. t. xs"X,
(iii) Differentiate tan™ T
- X
NV1+x2-1
1 (viii) Differentiate tan™' [—j
W. r. t.sec™! —1) X
Al 1— x2
o . 1-x w.rttant| 202X
(iv) Differentiate cos™ T4 w. I. t. tan”! x. 1— 2x2

1.5.1 Higher order derivatives :

If f (x) is differentiable function of x on an open interval I, then its derivative f' (x) is also a function
on I, so f* (x) may have a derivative of its own, denoted as (f' (x))' =f" (x). This new function " (x) is

called the second derivative of f (x). By Leibniz notation, we write the second detivative of

d (dyy d?%y
=f(x)asy"=f"X)=—|—=|=—=
y=f)asy" =" () dx&hj o

By method of first principle

e (R ) <)) dy
— | AT A
f (X)—h'_rfg)( . J_dx and
S (PRSP dy
— =_ 7
f (X)_hl—rp)( h j_ dx?

Further if f" () is a differentiable function of X then its derivative is denoted as di[ ' ()] =" (x).
X
Now the new function f™" (x) is called the third derivative of f (x). We write the third of y =f (x) as

2 3
y"=f"(x)= d (ﬂj _ 4y . The fourth derivative, is usually denoted by f @ (x). Therefore
dx Ldx?) dx®

4
£ (x) = %
X

In general, the n™ derivative of f (x), is denoted by f ™ (x) and it obtained by differentiating f (x),
. : R dn .
n times. So, we can write the n'"derivative of y =f (x) as y™ =f ® (x) = d_y These are called higher order
Xn
derivatives.

Note : The higher order derivatives may also be denoted by y,, y,, ..., Y.

= &
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For example: Consider f (X) =x3— X
Differentiate w. r. t. X
d
f'X)=— | f(X)] =3x*—1
(9= [100]
Differentiate w. r. t. X
d
f"X)=— | f' (X)] =6x
(9= [1 (]

Differentiate w. r. t. X
d
flll X - fll X — 6
(x) ™ [ ()]

Which is the slope of the line represented by " (x). Hence forth all its next derivatives are zero.

Note : From the above example we can deduce one important result that, if f (x) is a polynomial of
degree n, then its n™ order derivative is a constant and all the onward detivatives are zeros.

@) SOLVED EXAMPLES ]

Ex. 1: Find the second order derivative of the following :

(i) x*+7x2—2x—-9 (i) x%e (iif) e*sin 3x
(iv) x?log x (v) sin (log x)
Solution :
(i) Lety=x*+7x2—2x—9 (ii) Lety=x%e
Differentiate w. r. t. X Differentiate w. r. t. X
dy d dy d
—=— X+ -2x-9 ——=—(x?¢"
dx dx ( ) dx dx (ce)
dy dy

—=3x*+14x—-2
dx
Differentiate w. r. t. X

d dyj d ,
&(& _d—x(Sx + 14x - 2)

2
Y o+ 14
dx?

d d
__XZ_ eX +eX_ XZ
dx dx () dx )
ﬂ: X2eX + 2xe* = e* (X2 + 2X)
dx

Differentiate w. r. t. X

d (d d
o (d—i} ax & 0+ 2x)]

dx® d
=e(2x+ 2) + (x> + 2x) (e9)
=(X*+4x +2) e

d’y

W=(x2+4x+2) e

‘

Get More Learning Materials Here : & m

d d
—— = — (X2+ 2X) + (x2+ 2x) — (&Y
X dx
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(iii) Lety =e*sin 3x
Differentiate w. r. t. X
dy
dx

j_i = e?(cos 3x) (3) + sin 3x (e%) (2)

d d d
= — (e*sin 3x) = e — (sin 3x) + sin 3x — (%)
X dx dx

dy
dx
Differentiate w. r. t. X

= e%(3 cos 3x + 2 sin 3x)

d(d d
™ (d—ij rm [e2:(3 cos 3x + 2 sin 3x)]

2 d
3 32/— e — i (3 cos 3x + 2 sin 3x) + (3 cos 3x + 2 sin 3x) (eZX)
X

= e[3 (- sin 3x) (3) + 2 (cos 3x)(3)] + (3 cos 3x + 2 sin 3x) €(2)

= e[~ 9 sin 3x + 6 cos 3x + 6 cos 3x + 4 sin 3x]

2
Y = e*[12 cos 3x — 5 sin 3x]
dx?
(iv) Lety=x? log X (v) Lety=sin (log x)
Differentiate w. r. t. X Differentiate W. . t. X
dy _d Y_d g
o (x? log x) i~ oy o (log ¥)]
dy d d d_y =cos (lo i lo
o= g (09 %) +log x— () ™ (log x) -+ (log x)
dy 1 dy cos (log x)
&:xz-;+logx(2x) > x
dy 1+21 Differentiate w. r. t. X
&_x( 09 X) d (dyj_ d [cos (log x)
Differentiate w. r. t. X dx \dx/) dx X
i [ﬂ) = i [x(1+ 2 log x)] d2y X 5 [cos (log x)] — cos (log x) 5% %)
dx \dx
& dx? X2
y
e X_ (1+2logx)+(1+2log X) ¥ x [~ sin (log X)] < (log X) — cos(log X)(1)
2 =
=X+ —+(1+2logX) (1) | X2
dy " — X099 _ so5(log x)
=3+ 2logx =
dX X2
d?y  sin(log x) + cos (log x)
dx2 X2
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2 M _ 1+ 2
Ex.2: Findd_);if, (i)x:cot‘l[ ! t)andx=cosec*( Ztt)(ii)x:acos3e,y=bsin36at6:§
X t
Solution :
4, — 12 2 2
(i) x=cot! N1=ZE and x = cosec™! L+t y = cosec™! 1+t =sin’!
t 1+1¢2
Putt=sin® .. 0=sin't Putt=tan©6 .. 0=tan't
4[ — 2
X =cot! [ I~ sin ej cot” 1(\/sm 6) y=sin’! [ﬂj:sin1 (sin 26) = 26
sin 0 sin O 1+tan%6
x =cot'(cotf) =0 o x=sin't y=2tan't
Differentiate w. r. t. t Differentiate w. r. t. t
dx 1 dy _d
—_—= 71 = .. I _:2— tal’Tlt: .. “
dt dt( ) [\/Tﬁ) ® gt~ 2y 1+t an
We know that,
dy %’ t dy 21—t
— =g = .. [From (1) and (11)] S—= [—j
dx § = d | 1+¢
Differentiate w. r. t. X
ddy _d (241-¢
dx dx  dx 1+ 2
d?y 5 d ({J1-t dt
o Cdt L 1+e ) dx
A+ IWT-D) -NT-22a+p)]| 1
=2x X ——
L+ :
2 12 12
o (1+t)zmdt(V1 12) — /1 — 2(21) ) 1
i (1+2) e
| -t
=2 - x 1 —t?
| 1+t
1+12 =2t (1 —t?
P G = el U W
| 1+1t)
[ —t(l+t)-2t(1—t?) —t—3-2t+ 2t
:2)(_ (1+t2)2 :2)( (1+t2)2
[ 8- 3t
=2 x (l+t2)2
d?y 2t (- )
e (1+18)°
o SOe S
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(i) x=acos*0,y=Dbsin®6 atezg

Solution :
Given that : x = a cos® 0 y=Dbsin®0
Differentiate w. r. t. 6 Differentiate w. r. t. 6
dx d d d d d
T (a cos®6) = a (3) (cos?6) T (cos6) % P (b sin®0) = b (3) (sin?0) T (sin©)
dx =—3ac0s?0 sin0 () dy = 3b sin?6 cos 6 (m
B . 6 .
We know that,
dy £ 3bsin?6cose
— == ... [From (1) and (Il
dx _g—g_ —3a cos*0 sin O [ M nl
d b
Y- —-tan0
dx a
Differentiate w. r. t. X
d(dy b d
—| —|= ———(tan®
dx[dxj a dx( )
d?y b d do
— =———— (tan ) x —
o - ado O
b 1
=——(sec’0) x -
a @
b 1
=——(sec’0 ... [From (I
a ( )X—3a c0s’0 sin® [ 0l
dzy i y sec? 0
dx2  3a? co0s?0sin®
d’y  bsec'0
dx?  3a’sin6
When 6 = r
4
(dzyj Cbsect (%] b(\2)!
dx?)e-5  3aZsin(§) 3a’(3)
d2y B 4\2b
(60 )or ~2a
N
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2
Ex. 3 : Ifax?+ 2hxy + by?= 0 then show that % =0.
X
Solution :  Given that ax? + 2hxy + by?=0 ()
ax?+ hxy + hxy + by?=0
x(ax + hy) + y(hx + by)=0
y(hx + by)=— x(ax + hy)
Yy __axshy .
X hx + by

Differentiate (I) w. r. t. X

a2 0 +2n L )+ L =0
dx ax ax VT

dy
a(2x) + 2h ad

+y(1) [+b (2 dy—0
™ Y()} (Y)&—

2 ax+hxdy+h +b dy =0
ax YT T

(h +1:>)Oly ax—h
X —=—ax—
" 5 y

dy ax+hy

dx  hx+by

From (I1), we get

dy y

X )

Differentiate (III), w. r. t. X

d(dyy dfy

dx ldx]  dx| x

dy xP-y@Q) x(¥)-y

d_xZ = dXX2 = (XXJZ ... [From (11) ]

2 —

dx? ’G
dzy  dy

Ex.4: Ify=cos (mcos' x) then show that (1 — x?) F—x&+ m2y = Q.

X

Solution :  Given thaty = cos (m cos™ X)
cos'y=mcos!x
Differentiate (I) w. r. t. X

d (cos'y)=m d (cos' x)
dx =M

1 _dy m
1—y? dx  1-x

. .
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VT=3- 2 1=y

Squaring both sides
dy)?

1=x2)-|-=| =m?(1

(1-%) [dj m

Differentiate w. r. t. X

— yz)

(-0 2] +[ 2] 0w -9

(222

dy d?
XZ)._y._y

2(1 - dx dx?

d
Dividing throughout by 2d—i we get,

d’y dy

1 —x2)—2 —
( X) dx? de

— mZy

d? d
(1 —x2)-d—XZ—x—y+ m?y =0

dx
. d? d
Ex.5: Ifx=sint, y=e™ then show that (1 —x?) oy _ X—y —m? =0.
dx? dx
Solution : Giventhatx =sint t=sin""x
andy=e™ . y=emsmx (])

Differentiate w. r. t. X
ﬂ — i (em sin”! x) —=an si
dx dx

dy m-em sin! x

dx NI
d
Niches

dx
Squaring both sides

dy)?
1= 12| =mav2
(1-x) [dxj m?2y

Differentiate w. r. t. X

d
i m (sm X)

.. [From (1)]

(1- z)&(j_ij (%jzi (1- x2)=m25—x )

( ) (dxj ddX (gi) (dy) C2o=m (Zy)_

d
j (yj (- 26) = m? (- 2y)—

dy dy
—ox| == | =—2mry —=
X[dxj mydx
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dx dx? - dx dx

d
Dividing throughout by 2d—2(/ we get,

dy d? dy\? d
2(1—X2)- y._y 2X(_y) :2m2y—y

.dzy—

7 Xﬂz 2
dx? dx

mey

(1-x)

dy dy
1 -X)—=—x—-m¥y=0
( X)dx2 de my

1.5.2 Successive differentiation (or n™ order derivative) of some standard functions :

Successive Differentiation is the process of differentiating a given function successively for n times
and the results of such differentiation are called successive derivatives. The higher order derivatives are
of utmost importance in scientific and engineering applications.

There is no general formula to find n™ derivative of a function. Because each and every function has
it's own specific general formula for it's N derivative. But there are algorithms to find it.

So, here is the algorithm, for some standard functions.

Let us use the method of mathematical induction whereever applicable.

Step 1 :- Use simple differentiation to get 1%, 2" and 3" order derivatives.

Step 2 :- Observe the changes in the coefficients, the angles, the power of the function and the signs of
each term etc.

Step 3 :- Express the n" derivative with the help of the patterns of changes that you have observed.
This will be your general formula for the n™ derivative of the given standard function.

@) SOLVED EXAMPLES J

Ex. 1: Find the n" derivative of the following :

(i) xm (i) 1 (iii) log x
ax+b
(iv) sin x (v) cos (ax + D) (vi) e¥sin (bx +c)
Solution :
(i) Lety=xm Differentiate w. r. t. X
Differentiate w. r. t. X i ﬂ —m-(m—1) i (x"~2)
dy d . dx | dx? dx
—=— (X" =mx""!
dx —dx day—m(m—l (m—2)xm3
Differentiate w. r. t. X e ) )
d (dy d In general n™ order derivative will be
| = | = _mel n
dx (dxj dx dy =m-(m—-1)-(m—-2)...[m—(n— )] x""
d2y dx"
—— =m:(m—1)x"? dny
dx o~ =m-(m—1)-(m-2)..[m—n+1] x""

. .
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case (i) :- If m>0and m>n, then
dy m-(m-1)m-2)..[m-(n-1]-(m-n).21

men
dx" m-n)-[m-n-1]..2-1
dvy _ombxnor
dx"  (m—n)!
case (i) :- If m>0and m=n, then case (iii) :- Ifm>0and m<n, then
dy nL.xm " nlx° dy
dx  (n—n)! 0! dx"
. 1
(i) Lety=—— (iii) Lety=log x
ax+b ) .
Differentiate w. r. t. X
Differentiate w. r. t. X d
Y_ @ ogx =2t
ﬂzi( 1 J -1 ( +b) dx dx J X
dx dxlax+b) (ax+b)’ dX Differentiate w. r. t. X

dy_(Da d(dyy d (1
dx (ax +b)? dx (&j ~dx (;]
Differentiate w. r. t. X d2y - 1 ) (- 1)t

d[dj - )()_[ 1 ) O GG
dx dx | (ax +b)2 Differentiate . r. t. X
o en@ 2 rh) ()l
(ax b)3 dx dx(dxzj C e
dzy: (- 1H*2-1-a d3y ) -2 (- 1)*1-2
dx? (ax + b)? e =D ( X3 j: X3

Differentiate . I'. t. X In general n' order derivative will be

V) crporael( t d 1y 11.2:3 1
dx | dx2 dx | (ax + b)® y_cyrid2s. (-
dx" X"
Y_cipara— Y b d !
T (- .2.1.92. ._ n 1y -1.(n— 1)
dx® D 4 (ax + b)* dx (8x+b) y:( D= 1!
dx" X"
dy (- 1)-3-2-1-a
d®  (ax +b)

In general n" order derivative will be

dy (—D"n(n—1)..2-1a"
dx (ax + b)"*1

dy (- D"nla"
dx"  (ax +b)"*?

/
. O@O .
AN
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(iv) Lety=sinx
Differentiate w. r. t. X

dy_ d (sin x) = cos x
dx dx N
d

% =sin [g + xj
Differentiate w. r. t. X

i (d_yj = i [sin [E + XH
dx (dx ) dx 2

d?y T d (=«
Wﬂ“(i”ja(i”j

d’y . (" n ) 1
kA S
dx? PP (1)

dy . (2n
—_—= — +
0 SIn 2 X

Differentiate w. r. t. X

d (d?y) d sin 2n+
— | —Z|=—]sin|—=—+x
dx | dx? | dx 2

d®y 21 d (2n
—:cos(—+xjd— X

dx® 2 x| 2
I
=sin 2+ > +x|(2)
dy . (3n
%_Sln(z‘FXj

In general n order derivative will be

dvy [Nz
_° = — 4+
X SIn 5 X

(v) Lety=cos (ax +b)

Differentiate w. r. t. X

W _ 9 eos @x + b)]
dx  dx ;
=—sin (ax + b) — (ax + b)
dx
T
=cos(5+ax+b)(a)
dy —acos(E+ax+bj
dx 2

Differentiate w. r. t. X

d(dyy d (n j
—|—|=—1]acos|-+ax+h
dx \dx ) dx 2

d (d d

Rl e =a— cos(E+ax+bj
dx | dx dx 2

se=e oz e[ [pe ey
——al|-— —+ax+b||—|-+ax+
0 a Sin 2 ax ax |2 ax

T T

:acos[§+§+ax+bj(a)

d?y , (27: bj
— 7 — +ax +
0 a“ Cos 2 ax

Differentiate w. r. t. X

d (dy d a’ cos (Zn +ax + bj
—_ | —_— | = — — X
dx | dx? ] dx 2

d (d?y , d 2n
&[W =a d—x{cos(z +ax+bﬂ

dy [ . (2_n+ +b] d(Z_Tch +bj
W—a I Sin 2 ax & 2 ax

) (n 21 bj
= —+—_—+ax+
a2 cos PR ax (@)

ddy 5 (3Tc bj

— = —+ax+

pve a’cos | -~ + ax

In general n order derivative will be

dn

dx"

nm
:a"cos(?+ax+bj
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(vi) Lety=e*sin (bx + c)
Differentiate w. r. t. X

dy _d [esin (bx + C)] = e d [sin (bx + c)] + [sin (bx + ¢)] d (e)
dx  dx | S dx ; dx
=e#¢0s (bx + ¢)— (bx + ¢) + sin (bx + ¢) - e — (ax)
dx dx
=e®[ b cos (bx + c) +asin (bx + ¢)]
b a
= e™+/a? + b? cos (bx +c¢) + sin (bx + ¢
\ 008 (X )+ ——— sin( )}
Let P i P tan™! b M
e =sin a, =cosa,a=tan! | —
d
%:e%/a“bz[sina-cos(bx+c)+sin (bx +c) - cos a]
dy L
&:eﬁ‘x(a“bz)2 -sin (bx + ¢ + )

Differentiate w. r. t. X

d(d d 1

&(d—ijzg{e”(aubzﬂ - sin (bx+c+a)}
1

=(a2+b2)7-&[eax- sin (bx + ¢ + a)]

L d d
=(a?+b??2 {eax— [sin (bx + ¢+ a)] + [sin (bx + ¢ + a)] — [eax]}
dx dx
L d ) d
=(a?+b?2 |e*cos (bx +C + o) ™ (bx + ¢+ a) +sin (bx + ¢ + a)- eaxd—x (ax)

1
=eX*(a2+ 0?2 [bcos (bx +c+a)+asin (bx +c+ a)]

1 b a
=e™(a?+h?)2 ya?+b? cos (bx+c+a) + sin(bx+c+a
( ) L/m ( ) \aZ+ b? ( )}

2 2
d_xi,: e*(a2+b?)2 [sinocos (bx+c+a)+sin(bx+c+a)cosa] ...[from ()]

2y E
v e*(a’+b?)?2-sin (bx +c + 2a)

Similarly,

dy 3

W:eax(a2+b2)2-sin (bx + ¢ + 3a)

In general n order derivative will be

dvy no b
=e*(a?+b?2- sin (bx + ¢ + na) where o =tan™! (—j

dxn a

= &
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| EXERCISE 1.5 |

>

J

(1) Find the second order derivative of the
following :
2
Q) 2x5—4x3—?—9 (if) e* - tanx

e¥ . cos 5x

(iii)

(v) log (log x)

(iv) x3log x

(iv) x*
(2) Find @ of the following :
dx®
(i) x=a(®—-sinb),y=a(l —cos0)
(i) x=2at? y=4at
(iii)

X =sin 0,y =sin®*0 when 6 =

(iv)

X=acosO,y=bsin0ato=

MAlapla

(3) (i) Ifx=at?andy = 2at then show that
X ¢y a=0
— 4 —
y dx?

(i) Ify=ema'x show that

2+ v ox-m Yoo
dx? dx

(ili) Ifx=cost,y=e™show that
dy dy
l—-x)——-x—-m?%=0
( X)dx2 de my
(iv) Ify=x+tanx, show that

COS? X &y —-2y+2x=0
ae Y B
(v) Ify=e*-sin (bx), show that

y, —2ay,+(a®+b%)y=0

X3 — 5y3j
73 + 5y3

(vi)

If sec! (

show that &y =0
dxz

.
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(4)

(vii) If2y=x+1++x—1,
show that 4(x* — 1)y, + 4xy, -y =0.

(viii) Ify=log (x + e+ a2)",

d? d
show that (x2 + a?) d_xZ + X d—i =0

If y =sin (m cos™'x) then show that

d’y dy
1 -Xx)——-x—+m¥y=0
( X)dxz de my

(ix)

(x) Ify=log (log 2x), show that
xy,*y, (1+xy)=0.

(xi) Ifx2+ 6xy + y? = 10, show that
d’y 80

O (3x+y)

(xii) Ifx=asint—bcost,y=acost+bsint,

d2 2 2
showthat—y:— Xry )
dx? Y

Find the n™ derivative of the following :

i) (ax+b)" (i) *

X
(i) gax+h (iv) ar<+a
(v) log (ax +b) (vi) cos x

(vii) sin (ax + b) (viii) cos (3 — 2x)

(ix) log (2x + 3)
1

) 3X—5

(xi)

y =e*. cos (bx + c)

(xii) y=e%- cos (6x + 7)
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/‘ﬁf Let us Remember

&% Ifafunction f (x) is differentiable at x = a then it is continuous at x = a, but the converse is not
true.

% Chain Rule : If y is differerentiable function of u and u is differerentiable function of x then y

L . : dy dy du
is differerentiable function of X and —=——
dx du dx
&% Ify =1 (x) is a differentiable of X such that the inverse function x = f ~!( y) exists then
1
dy dy
—=——,  Where—#0
dx  dy dx 7
dx
&% Derivatives of Inverse Trigonometric functions :
f(X) sin ' x cos ' x tan ' x cot 'x sec ' x cosec ! x
1 1 1 1 1 1
L) NI=%" | 1-x"| 1+% 1+x | x¥-1 | xx-1
X <1 x| <1 x c R XxeR x| <1 x| <1

&% This is a simple shortcut to find the derivative of (function) (function)

d
_fg:fs{%.fq(mg f).g'i|

dx
&% Ify=f(t)andy =g (t) is a differentiable of t such that y is a function of x then
dy
dy dt dx
—=—+,  Wwhere—#0
dx  dx dt g
dt
% Implict function of the formx™y"= (x + y) ™*" ' m, n € R always have the first order derivative
dy vy o dy
— = — and second order derivative — =0
dx x dx?
AN
r N
-L\MISCELLANEOUS EXERCISE 1 H

(I) Choose the correct option from the given alternatives :

(1) Letf(1)=3,f'(1)=— % g(l)=—4andg' (1) = —% . The derivative of \/[ f ()] + [g O]

w.r.t.xatx=1Is

29 7 31 29
(A) — 3¢ (B) 3 © I (D) 1=
. S
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)

©)

(4)

()

(6)

(7)

(8)

(9)

(10)

Get More Learning Materials Here : &

d
Ify =sec (tan"' x) then d_y atx=1,isequal to:
1 ’ 1
(A) % (B) 1 ©) N (D) N2
1
47
Iff(x)=sin"' 1+ g | which of the following is not the derivative of f (x)
2:4%log 4 4*+1log 2 4<+1log 4 22+ 1 Jog 2
() 9% B —= (0 — =22
1+ 4% 1+ 4% 1+ 4% 1+ 2%
If x¥=y* thenﬂ =
, roliadt
R x(xlogy—vy) o y (ylog x—x) . y? (1 - log x) 5 y(1 - logx)
( )y(ylogx—x) ) X (xlogy—y) (©) x*(1—logy) () x(1—logy)
dy
Ify=sin (2 sin! x), then — = ...
y =sin (2 sin”! x), then i
2 —4x? 2 +4x? 42— 1 1 —2x?
A B C D
RN ® % © % O %
vt | — v inl 2ttt ]| hen & —
y =tan LT sin| 2 tan L+ x 1 en&_...
X 1 —2x 1 —2x 1 —2x?
A B C) —/—— D
W e ® % © i~ O %
If y is a function of x and log (X + y) = 2xy, then the value of y' (0) = ...
(A) 2 (B) 0 ©) -1 (D) 1
If g is the inverse of a function fand f' (x) = % , then the value of g¢' (x) is equal to :
+ X
(A) 1+x ®———  (©1<fg0] ()
1+[9(x)]
dy
IfX\/y+1+y\/x+1:Oandx¢ythen&:...
X
A B) - C) (1 2 D) ———
A ® ~ 1 © 1+ (0) -7
a—X dy
Ify=tan'| | —— |, where —a<x<athen— = ...
a+x dx
A " B : C : D -
W) 7w ®) e © @ O
o S
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(11) Ifx=a(cos O +6 sinB),y=a (sin 6 — 6 cos 0) then[—

d?y

1,

dx? Je-7
82 82 an 4~2
(A) V2 (B) - 82 € —— (D) V2
an an 82 an
dry . dy
(12) Ify=acos (log x) and AF + B& + C =0, then the values of A, B, C are ...
X
(A) X5 =%, -y (B) x5 x,y (€) x5 x, -y (D) x4 =,y
(I) Solve the following :
(1) f(x)=-x, for—2<x<0 g(x) =6 —3x, for0<x<2
2x—4
= 2X, for0<x<2 =5 for2<x<7
18 —x
= 4 for2<x<7

Let u(x) = f[ g()], v(x) =g [ f ()]

and w(x) =g [ g(x)].

Find each derivative at x =1, if it exists i.e. find u' (1), v' (1) and w' (1). if it doesn't exist then

explain why ?
(2)  The values of f (x), g(x), f* (x) and g' (x) are given in the following table.
X o) 1 9 | F () | 9 ()
-1 3 2 -3 4
2 2 -1 =5 —4
Match the following.
A Group - Function B Group - Derivative
d I. -16
() 5 [f @) atx=—1
d 2. 20
®) — [g(fo-1)]atx=—1
%X 3. 20
(C)&[f(f(x)—3)]atx:2 4 15
d
(D) o [9(ge)]atx=2 5. 12

Suppose that the functions f and g
valuesat x=0and x = 1.

(3)

100 [ o0 [0
0 1 1 5 i
3

) BT R ey
3 3

and their derivatives with respect to x have the following

(i) The derivative of f[g(X)] w. . t. xat x=0is
(i) The derivativeof g [f (X)]w. r.t. xatx=01s

(iiii) The value of P [XO + f (X)]_z}
dx

x=1

(iv) The derivative of f[(x +g(X)]Jw.r.t.xatx=0is

4
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(4) Differentiate the following w. r. t. X

o X IR B B
() sin|2tan 1+ x (i) sin?| cot [ —x

— _ 1 * _ 1 _
(iii) tan™ M (iv) cos™ e
| 1—3x i
W Zj +Cot_1[1 10xj (vi) tan—[ D}
1 + 6X x .
d 2
(5) () IfNyFX+y—x=c, thenshow ”‘atd_i:%_ﬁ |
d 1-y
(i) ﬁxJTfF+yJTr?=1Jm”mmNmma%:_ 1—;'

: : dy sin’(a+y)
(i) If x sin (a +y) + sina cos (a +y) = 0, then show that&:W'

: : : dy sin’(a+y)
(iv) If siny =xsin (a +y), then show that - sna

dy x-—y

X
— 7 - =
(v) Ifx=eY ,thenshow that ax~ xlogx

: L . : d’x dy\” d’y
(vi) Ify=f(x) is a differentiable function then show that — = — .

dy?  ldx) dx2
1[ 2 _ 1[ —y2
(6) (i) Differentiate tan™! w w. . t. tan™! u
X 1 —2x?
V1+x2+X
(ii) Differentiate log | ———— | w. r. t. cos (log x).
V1+x2—x
V1+x2—-1 1+1+x2
(iii) Differentiate tan”! | ———  |w.r.t.cos™' | [——— |.
X 241+ X
d’y a?b?
7 i) Ify>=a?cos?x + b?sin?x, show thaty + — = :
M) @ Iy K+ 7 sin’ x, show thaty +-0 == 3

2

d d
(if) Iflogy = log (sin x) — x?, show thatd—XZ + 4x d_i +(4x*+3)y=0.

de | dx

(iv) If y=Acos (log x) + B sin (log x), show that x>y, + xy, + y=0.

d? dy\?
(iii) If x=acos6,y=bsin 6, showthata{y y+[ y”+b2:0.

(v) Ify=Ae™+Be™ show thaty,—(m+n)y +(mn)y=0.
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